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This paper presents a discrete-time model for networked control systems (NCSs) that incorporates all
network phenomena: time-varying sampling intervals, packet dropouts and time-varying delays that
may be both smaller and larger than the sampling interval. Based on this model, constructive LMI
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designed. Besides the proposed controller synthesis conditions a comparison is made between the use
of parameter-dependent Lyapunov functions and Lyapunov-Krasovskii functions for stability analysis.
Several examples illustrate the effectiveness of the developed theory.
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1. Introduction

The literature on modeling, analysis and controller design of
networked control systems (NCSs) expanded rapidly over the last
decade (Antsaklis & Baillieul, 2007; Tipsuwan & Chow, 2003;
Zhang, Branicky, & Phillips, 2001). The use of networks offers
many advantages such as low installation and maintenance costs,
reduced system wiring (in the case of wireless networks) and
increased flexibility of the system. However, from a control theory
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point of view, the presence of the network also introduces several
disadvantages such as time-varying network-induced delays,
aperiodic sampling or packet dropouts. To understand the impact
of these network effects on control performance several models
have been developed. Roughly speaking, these NCS models can
be categorized into continuous-time and discrete-time models. A
further discrimination can be given on the basis of which network
phenomena they include.

In the continuous-time domain, Fridman, Seuret, and Richard
(2004) applied a descriptor system approach to model the
sampled-data dynamics of systems with varying sampling inter-
vals in terms of (infinite-dimensional) delay differential equations
(DDEs) and study their stability based on the Lyapunov-Krasovskii
functional method. In Gao, Chen, and Lam (2008), Yu, Wang, and
Chu (2005) and Yue, Han, and Peng (2004), this approach is used
for the stability analysis of NCSs with time-varying delays and
constant sampling intervals, using (linear) matrix inequality-based
techniques. The recent results in Gao et al. (2008) also involve H,
controller designs based on linear matrix inequalities (LMIs). How-
ever, Mirkin (2007) showed that the use of such an approach for
digital control systems neglects the piecewise constant nature of
the control signal due to the zero-order-hold mechanism and that
it introduces conservatism when exploiting such modeling for sta-
bility analysis. More specifically, the conservatism is introduced by
the fact that the zero-order hold and delay jointly introduce a par-
ticular linearly increasing time-varying delay within each control
update interval (sometimes indicated by the sawtooth behaviour
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of the delay), whereas in the modeling approach mentioned above
it is replaced by an arbitrary bounded time-varying delay. More-
over, in Mirkin (2007) one indicated that less conservative stabil-
ity conditions are obtained using a robust parametric modeling of
the delay operator as proposed in Kao and Lincoln (2004). An alter-
native approach, proposed in Naghshtabrizi and Hespanha (2006)
and Naghshtabrizi, Teel, and Hespanha (2008), is based on impul-
sive delay differential equations and does take into account the
piecewise constant nature of the control signal due to the zero-
order-hold mechanism and has also been shown by Mirkin (2007)
to be less conservative than the descriptor approach. As also noted
in Naghshtabrizi et al. (2008), the usage of infinite-dimensional
DDE models and Lyapunov functionals to analyse the stability of
essentially finite-dimensional sampled-data NCS does not seem to
offer any advantage. The approach in Naghshtabrizi and Hespanha
(2006) is able to deal simultaneously with time-varying delays and
time-varying sampling intervals but does not explicitly include
packet dropouts in the model (although they might be considered
as variations in the sampling intervals or delays). Moreover, the
stability analysis leads to bilinear matrix inequalities (BMIs), which
are generally difficult to solve. As a consequence, for the moment
no effective control synthesis results exist within this framework.

The majority of NCS models are discrete-time formulations
based on the exact discretization of the continuous-time linear
plant over a sample interval (see Cloosterman, van de Wouw,
Heemels, & Nijmeijer, 2006; Felicioni & Junco, 2008; Fujioka, 2008;
Garcia-Rivera & Barreiro, 2007; Lin & Antsaklis, 2005; Nilsson,
1998; Sala, 2005; Wouw, Naghshtabrizi, Cloosterman, & Hespanha,
2007; Wang & Yang, 2008; Zhang et al., 2001, and the references
therein). Such models avoid the problem of an infinite-dimensional
state that is encountered in the continuous-time (DDE) models due
to delays. Moreover, in these discrete-time models the piecewise
constant nature of the control signal due to the zero-order hold is
taking into account exactly. Additionally, it has been shown in van
de Wouw et al. (2007), that for systems with aperiodic sampling
and time-varying delay less than the sampling interval the use of
discrete-time models for stability analysis gives less conservative
characterization of stability than the use of (impulsive) delay
differential equations. On the other hand van de Wouw et al.
(2007) and Wouw, Naghshtabrizi, Cloosterman, and Hespanha
(2010) show that the modeling in terms of impulsive difference
equations is favorable for ISS gain analysis for perturbed NCS.
Under simplified assumptions, such that the delay is a multiple of
the sampling interval or it takes values in a finite set, the obtained
models lead to switched linear systems and corresponding stability
conditions can be applied (Lin & Antsaklis, 2005; Nikolakopoulos,
Tzes, & Koutroulis, 2005; Xiao, Hassibi, & How, 2000; Zhang, Shi,
Chen, & Huang, 2005). However, these models are not so realistic as
in practice one typically encounters an infinite number of possible
values for the delay. Moreover, more realistic models should take
into account that the sampling periods might be aperiodic.

For systems with time-varying sampling intervals, Felicioni
and Junco (2008), Fujioka (2008), Sala (2005) and van de Wouw
et al. (2007) address the stability analysis and control design
using a discrete-time model. In Felicioni and Junco (2008), discrete
difference inclusions are obtained for the different values of
the sampling interval and sufficient algebraic conditions for
existence of quadratic Lyapunov function are derived based on
the construction of a solvable Lie algebra. A different approach is
given in Fujioka (2008) and Sala (2005), where the authors used
the gridding of the set of possible sampling intervals to derive LMI-
based stability conditions.

Several discrete-time approaches have been proposed for
dealing with network-induced delays. In this context, using
the exact discretization over a sampling period, the obtained
model is generally a difference equation with time-varying

delays in the input and unknown time-varying system matrices.
When the variation of the delay is smaller than the sampling
period, the analysis/control design problems can be addressed
by using a lifted state vector and robust control methods for
parametric uncertainties (Cloosterman et al., 2006; Garcia-Rivera
& Barreiro, 2007; Hetel, Daafouz, & Iung, 2006) or by applying
the Lyapunov-Krasovskii function (LKF) approach (Pan, Marquez,
& Chen, 2006; Wu & Chen, 2007; Xie & Wang, 2004; Yoo &
Kwon, 2005) (for the LKF approach in discrete-time, see Fridman
& Shaked, 2005). In this context, the main problems are the
conservatism inherent to the use of upper boundings in the
increment of the LKF and the reduced applicability of the results
since they are able to deal only with delay variations smaller than
the sampling interval. Generalising such models to the case of
large delay variations, packet dropouts and time-varying sampling
intervals is not a trivial task.

In the literature, two ways of modeling network-induced
uncertainties (such as time-varying delays and sampling intervals
and packet dropouts) can be distinguished. Firstly, in Fujioka
(2008), Garcia-Rivera and Barreiro (2007), Lin and Antsaklis (2005),
Naghshtabrizi and Hespanha (2006), NeSi¢ and Teel (2004), Zhang
et al. (2001) and many other works, bounds are imposed on
the delays, sampling intervals and the maximum number of
subsequent dropouts. Secondly, in e.g. (Hespanha, Naghshtabrizi,
& Xu, 2007; Montestruque & Antsaklis, 2004; Seiler & Sengupta,
2005; Sinopoli, Schenato, Franceschetti, Poolla, Jordan, & Sastry,
2004), a stochastic modeling approach is adopted. In this paper,
we will adopt the first approach. Given bounds on delays,
sampling intervals and subsequent dropouts, we will formulate
stability conditions and constructive controller synthesis results
independent of the probability distribution of the uncertain
variables. So, such robust results also apply in the stochastic
setting and can be seen as ‘probability distribution-free’ results
for the stochastic case if the domain of the probability distribution
function is bounded.

In the current paper, we propose a discrete-time NCS model that
can deal simultaneously with packet dropouts and time-varying
delays smaller and larger than a possibly time-varying sampling
interval. This model is obtained using the exact discretization
over a sampling interval and it takes into account also the
complicated case in which the delay variations may be larger than
the sampling interval. Moreover, the possibility of packet dropouts
is modeled explicitly. Based on this model, controller synthesis
conditions in terms of LMIs will be derived, using both a common
quadratic and a parameter-dependent Lyapunov approach. Note
that recently, in Hetel, Daafouz, and Iung (2008a), a simplified
event-based discrete-time model has been proposed for taking into
account the different implementation problems in digital control
systems. This model is obtained using the systems representation
at both sampling and actuation times. The advantage of the model
presented in this paper in comparison to this event-based model is
that it generally leads to a discrete-time representation of a smaller
dimension. Moreover, it generalises several of the models that exist
in the literature to the case in which all the network effects appear
simultaneously. This enables the theoretical comparison with the
existing approaches. A discussion on the stability characterization
based on LKFs and on parameter-dependent Lyapunov functions
(PDLF) will be given. This discussion is inspired by the results
in Hetel, Daafouz, and Iung (2008b) in which a comparison
between LKFs and Lyapunov functions for switched systems is
presented in the case of difference equations with time-varying
delays in the state. The approach in Hetel et al. (2008b) can
deal only with delays that are a multiple of the sampling time,
and therefore it does not apply to continuous-time systems as
the NCS studied here. We show that the stability analysis based
on the most general LFK of a quadratic type is always more
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conservative than the novel stability characterization presented
here. This result applies to the context of NCS in which we are
faced with an interaction between continuous-time systems and
discrete-time controllers under different perturbing networked
effects. In particular, we will show that the existence of general
LKFs as used in the literature, implies also the existence of a
Lyapunov function in our framework. It is important to note that all
existing LKFs are a particular case of the one proposed in this paper
and our approach allows much more freedom in the Lyapunov
function than the typical LKFs adopted in the literature (Pan et al.,
2006; Wu & Chen, 2007; Xie & Wang, 2004; Yoo & Kwon, 2005),
which have repetitions of terms. Stated differently, the Lyapunov
function that we consider corresponds to a general LKF for which
LMI-based stability conditions never appeared in the literature
before. In addition, it can formally be proven that our approach
is never more conservative than the LKF approach. Next to the
stability characterization, we will also present LMI-based synthesis
techniques for feedback based on the state vector and on an
augmented state vector that includes old inputs next to the system
state.

In summary, the main contributions of the paper are as
follows. Firstly, a model for NCSs including three network-induced
uncertainties (large delays, time-varying sampling intervals and
packet dropouts) is developed. Moreover, we present a procedure
for the overapproximation of this model to arrive at a polytopic
model suitable for stability analysis and controller synthesis.
Secondly, we present a stability characterization for NCSs using
(parameter-dependent) quadratic Lyapunov functions, which
generalises stability characterizations using Lyapunov-Krasovskii
functionals existing in the literature. Thirdly, next to LMI-based
stability conditions, we provide a solution to the (structured)
state feedback synthesis problem in terms of linear matrix
inequalities for NCS models including all the above network-
induced uncertainties.

This paper is structured as follows: In Section 2 we present our
NCS model. Section 3 is dedicated to the theoretical comparison of
stability characterizations. Section 4 presents LMI control design
methods that are illustrated by numerical examples in Section 4.
Section 5 closes with concluding remarks.

2. NCS modeling

In this section, the discrete-time description of a NCS including
delays larger than the uncertain, and time-varying sampling
interval and packet dropouts is presented. The NCS is depicted
schematically in Fig. 1. It consists of a linear continuous-time plant

x(t) = Ax(t) + Bu(t),

with A € R™" and B € R™™, and a discrete-time static time-
invariant controller which are connected over a communication
network that induces network delays (% and t*). The state
measurements (y(t) = x(t)) are sampled resulting in the sampling
time instants sy:

k—1
Sk = Zh, Vk > 1,
i=0

which are non-equidistantly spaced in time due to the time-
varying sampling intervals hy > 0. The sequence of sampling
instants Sg, S1, Sa, . . . is strictly increasing in the sense that s >
sk, for all k € N. We denote by y, := y(si) the kth sampled value
of y and by uy the control value corresponding to y, = xi. Packet
drops may occur (see Fig. 1) and is modeled by the parameter my.
This parameter denotes whether or not a packet is dropped:

07
mg = 1

So ::0! (1)

if y, and uy, are received
if y, and/or uy is lost.

(2)

ﬁ Z0OH }—-{ plant_|——] sensor }—y—l
Ll”"‘ =0

mp =1

Tk

Fig. 1. Schematic overview of the NCS with variable sampling intervals, network
delays and packet dropouts.

In (2), we make no distinction between packet dropouts that
occur in the sensor-to-controller connection and the controller-
to-actuator connection in the network. This can be justified by
realizing that, for static controllers, the effect of the packet
dropouts on the control updates implemented on the plant is the
same in both cases. Indeed, for packet dropouts between the sensor
and the controller no new control update is computed and thus
no new control input is sent to the actuator. In the case of packet
dropouts between the controller and the actuator no new control
update is received by the actuator either. Finally, the zero-order-
hold (ZOH) function (in Fig. 1) is applied to transform the discrete-
time control input u, to a continuous-time control input u*(t)
being the actual actuation signal of the plant.

In the model, both the varying computation time (7, ), needed
to evaluate the controller, and the network-induced delays, i.e. the
sensor-to-controller delay (7;°) and the controller-to-actuator
delay (t¢“), are taken into account. We assume that the sensor
acts in a time-driven fashion (i.e. sampling occurs at the times s
defined in (1)) and that both the controller and the actuator act in
an event-driven fashion (i.e. responding instantaneously to newly
arrived data). Furthermore, we consider that not all the data is
used due to packet dropouts and message rejection, i.e. the effect
that more recent control data is available before the older data
is implemented and therefore the older data is neglected. Under
these assumptions, all three delays can be captured by a single
delay 7y = ¢ + 17y + 1 see also Nilsson, 1998; Zhang et al.,
2001. To include these effects in the continuous-time model, let
us define the parameter k*(t) that denotes the index of the most
recent control input that is available at time t as k*(t) := max{k €
N|sg 4+ ¢ <t A my = 0}. The continuous-time model of the plant
of the NCS is then given by:

X(t) = Ax(t) + Bu* ()
u*(t) = ey,

withA € R™™and B € R™™, Here, we assume that the most recent
control input remains active in the plant if a packet is dropped.

We assume that the variation in the delays is bounded by T,
and t,a«, the variation in the sampling interval is bounded by hyi,
and hpmax and that the number of subsequent packet dropouts is
upper bounded by §. The latter means that

k p—
> my <3 (4)
v=k—3

as this guarantees that from the control inputs uy_z, u;_3,1, ..., Uk
at least one is implemented. In summary, the class § of admissible
sequences {(Sk, Tx, My) }ken can be described as follows:

(3)

8 = 1 {(Sk, Tk, M) bken| Mmin < Sk+1 — Sk < hmax,
k p—
So = 0, Tmin < Tk = Tmax, Z m, < 87 Vk e N s (5)
v=k—5

which includes variable sampling intervals, large delays, and
packet dropouts.
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Remark. In the modeling of the network-induced uncertainties,
we impose bounds on the delays, sampling intervals and the
maximum number of subsequent dropouts as was also done
in Fujioka (2008), Garcia-Rivera and Barreiro (2007), Lin and
Antsaklis (2005), Naghshtabrizi and Hespanha (2006), Nesi¢
and Teel (2004), Zhang et al. (2001) and many other works.
Given such bounds, we will formulate stability conditions and
constructive controller synthesis results independent of the
probability distribution of the uncertain variables. So, such robust
results also apply in the stochastic setting and can be seen as
probability distribution-free results of the stochastic case if the
domain of the probability distribution function is bounded.

Next, the general description of the continuous-time control
input u*(t) in (3) is reformulated to indicate explicitly which
control inputs uy, are active in the sampling interval [s, Sg+1). Such
a reformulation is needed to derive the discrete-time NCS model,
which will ultimately be employed in the controller synthesis
methods.

Lemma 1. Consider the continuous-time NCS as defined in (3) and
the admissible sequences of sampling instants, delays, and packet
dropouts as defined in (5). Define d = L%J, the largest integer

smaller than or equal to m and d = {’“l:‘xl the smallest integer
larger than or equal to Tm“ . Then, the control action u*(t) in the
sampling interval [sy, sk+1) lS described by

k k
US(t) = g5 fort € [sk+ ¢, sk + L), (6)
where the actuation instants tj" € [0, hy] are defined as:

k—1

k _ i _ __
tf =min {max {0, 7, 5.5 E hi ¢+ my g shmax,

I=k+4j—8—d
k—1
max 10,7, G 541 — Z hip + My g 511 hmax,
I=k+j+1-5—d
k—1
., max [0, Tk—d — Z h[} + mk_ghmax, he ¢, (7)
I=k—d

withtf <t andj € {0,1,...,d + § — d} (see Fig. 2). Moreover,

k k k k
0=t =4 = =G 4= td+8 a1 = .

Proof. The proofis given in Appendix A. O

Based on Lemma 1 and o = {(sk, Tk, M) }ken € 4, the discrete-
time NCS model can be defined as:

Add ik
Ah

Xiep1 = €7 X + E /

j=0 Jh

with tj" as defined in Lemma 1. The minimum and maximum values
of the t!‘ parameters are described in Lemma 2.

oA
*dsBuyj_g_s. (8)
k=G

Lemma 2. Consider the time instants t" as defined in (7), where

Skj—d—s (With ly ;G 5 = Siij g 541 Sk+j _5) Tiyja—s and
My d- 5aretakenfrom theclassz{defnedm( )Themlmmumvalue

oftj",]e {0,1,...,d+ 8 — d}, is given by

[P min{Tmin — dhmax, hmin}  ifj = d+6— g 9)
0 ifl<j<d+68—d,
and the maximum value of tf,j € {1,2,...,d + 8 — d}, is given by
min{rmax (d ])hmm» max} f f J f a - Q
i max = | Rmax f = Qj‘ 1<j (10)
<d+45§—d

U541 Up_g
uk I3 k*d*5+2:
J=0 1 j=1 1 J=2 % =d+4 N d
x x N N
Sk spHth spAth sty sk tig s, Ska
S+ tg Sk g

Fig. 2. Graphical interpretation of tj".

Additionally, tf = 0 and t§+5 41 = M which gives for the

minimum and maximum bound tz,5 4.1 € [Amin, Amax].

Proof. The proof can be derived based on Lemma 1 if the bounds
on the delay, sampling interval and number of subsequent packet
dropouts are taken into account. The interested reader is referred
to Cloosterman (2008) for the detailed proof. O

Let 6, denote the vector of uncertain parameters consisting of
the sampling interval and the actuation instants:

O = (et 5 ) (11)

The description of 6 does not include t ash, =

d+5—d+1’ §+5 d+1
which is already included in 6. Moreover, t¥ is not considered
either, since it represents a constant term, tg = 0. Using the fact
that hy € [Amin, hmax] and the bounds & min, tj max ON the actuation
instants given in (9) and (10), we can define the set

® = iek € Ri+i—dHt [hk € [hmin, Mmax],

tjk € [tj,mim tj,max]v 1 fj = a+ ) —Q,

0<th<...<t¢k fhk]. (12)
Note that this set does not depend on k. System (8) represents a
discrete-time system with multiple delays in the input. Moreover,
the system matrices are time-varying according to the uncertain
parameters 6 € ©. In the following section, we will show how to
characterize the stability of this system based on LMIs and compare
this to the Lyapunov-Krasovskii Function (LKF) approach.

3. Stability characterizations and relations with the LKF theory

In this section we discuss the stability characterization for the
NCS (3) with a state feedback of the form

Uy = —RXk. (13)

We can without loss of generality assume that K has a full row rank.
When K does not have a full row rank, it is always possible to write
the controller in the form

uf I I
= (1) = (o) o = (c)

where K, has full row rank (possibly after a permutation of the
inputs) and we obtain a model similar to (3) with K, instead of K

and B (é) instead of B that does satisfy the full row rank condition

on the feedback gain.

To render the model (8) with the feedback (13) suitable for
analysis, we consider an equivalent delay-free model, based on a
lifted state vector

T
T T T
&= (xk U1 -e ukiaig)

that includes past system inputs.



1588 M.B.G. Cloosterman et al. / Automatica 46 (2010) 1584-1594

This leads to the lifted model

Er1 = A0, (14)
where ;\1(9,<) =
A0 Mz, Mg o600 Mi(B)  Mo(6r)
—K 0 0 . 0 0
0 I 0 - 0 0
: g g 0
0 - - 0 I 0

with A(6y) = e — Mg, 5(0)K and

nkftf
As i : FEEY
~ e®dsB if0<j<d+§—d,
M;(6) = /, 1 ! £ (15)
0 ifd+s—d<j<d+3.

The goal of this section is to prove that characterizing the stability
of the closed-loop NCS (8) using the lifted model (14) and
(parameter-dependent) quadratic Lyapunov functionsis less (or, in
the worst case, equally) conservative than the methods available in
the literature based on discrete-time LKF.

In order to show this, we will use an alternative lifted state
space model as an intermediate step in the proof. This model uses

T
T T T :
the state vector x, = (x,( Xg_q -o- xk_a_g) Jie.

Xir1 = A2(0) Xk, (16)
where ,:\2 6) =
AB) Mg (00K  —Mg 5 ,00K —Mo (6K
I 0 0 . 0
0 I 0 .. 0
0 . 0 I 0

This second lifted model is important since it is easy to show
that if there exists a LKF (even the most general LKF that can be
obtained using quadratic terms), then there exists a parameter-
dependent quadratic Lyapunov function for (16) as well. This
relation will be described in detail at the end of the section. First we
will show that the existence of a parameter-dependent Lyapunov
function for (16) is equivalent to the existence of a parameter-
dependent Lyapunov function for (14). This issue is relevant
since it would formally prove that we can base the stability
analysis for the NCS (8) with state feedback controller (13) on (14)
without losing stability properties that could be obtained via (16).
Note that the state dimension of &, in (14) is smaller than the
dimension of x; in (16), which clearly has modeling and numerical
advantages.

3.1. Equivalence of stability characterizations for the two lifted
models

Let us discuss the equivalence of the lifted models (16) and
(14) with respect to stability and Lyapunov functions in more
detail. Clearly, for a given constant parameter 6, the stability of
(16) is equivalent to the stability of (14) and vice versa. More-
over, since for linear time-invariant systems the existence of a
quadratic Lyapunov is a necessary and sufficient stability condi-
tion, there exists a quadratic Lyapunov function for (16) if and only
if there exists one for (14) when 6 is constant. However, assum-
ing that there exists a quadratic Lyapunov function for one of the
systems, (16) or (14), there is no constructive method available

in the literature for deducing a Lyapunov function for the other
one. We will provide such a constructive method, and moreover,
we will even consider a more complicated problem as (16) and
(14) are uncertain systems that vary over time as 6, is chang-
ing. In this case, quadratic Lyapunov functions are known to be
sufficient only for characterizing stability, not necessary. The ques-
tion is now whether, in the time-varying uncertain case, the
existence of a quadratic Lyapunov function for system (16) is
equivalent to the existence of a quadratic Lyapunov function for
(14). In Theorem 4, we will answer this question and we will
show that there exists a quadratic-like Lyapunov function for sys-
tem (14) if and only if there exists one for the alternative repre-
sentation (16). To prove this result for any parameter-dependent
quadratic Lyapunov function, the following lemma will be
needed.

Lemma 3. Consider the matrix R € RY*P and the matrices A(f) €
RP*P that depend continuously on 9 € ©, where ® C R'is a compact
set. Define the matrices

A(@) — <A(R€) 8) c R(PHI)X(PHJ)’ (17)

for 6 € ©. The following statements are equivalent:

e There exist symmetric positive definite matrices P(9) € RPT4xP+4,
6 € © such that

A(61)"P(6,)A(61) — P(61) < O,

e There exist symmetric positive definite matrices Q (0) € RP*P,
0 € O such that

A01)"Q(0)A(01) — Q(6h) < O,

V0,6, € O. (18)

V01,6, € 6. (19)

Moreover, there exists a common solution P() = P > 0, for
all 8 € O to (18) if and only if there exists a common solution

Q) =Q > 0to(19).
Proof. See AppendixB. O
Theorem 4. Consider the NCS (8) with state feedback controller (13)

and the two representations (14) and (16). The following statements
are equivalent:

e There exist symmetric positive definite matrices P(6), 0 € @ such
that

AT (BP Bes-1)A1() — P(Br) < 0, (20)
forall By, 61 € O, thus
V(&) = & P(6)& (21)

is a parameter-dependent Lyapunov function for system (14).
e There exist symmetric positive definite matrices Q (6),0 € © such
that

AY(0)Q(Ors A2 (G) — Q1) < O, (22)
forall Oy, 61 € O, thus
V) = xp Q0 xk (23)

is a parameter-dependent Lyapunov function for system (16).
Moreover, system (14) has a common quadratic Lyapunov function
V(&) = EkTPEk if and only if system (16) has a common quadratic

Lyapunov function V(i) = x/ Q x«-

Proof. Since the state feedback matrix K has full row rank there

exists a matrix S € R™~™>" sych that the matrix (';) is invertible.
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Define the matrices A; 6y =

A IVIH+3—1(91<) My (61) | Mo(6r) | 0
—K 0 el 0 0 olo
0 I 0 ... 0 0 |00
0
0 0 ... 0 I 0 olo
S 0 0 0 |0]0
0 0 0 0 |10
and W =
/ I 0 . 0 0 \
0O|-K O 0 0
0
Sl 0
0 0 0 —K 0 o o
0| 0 0 | —k | e ROTD-@HOxtD-d+5)
0| S 0 0 0
0
: : . 0 :
o| o0 ... O S 0
\0 0 e 0 s/
Notice that A3 (B )W = WA, (6)) =
A(%) _MH+5_1(91<)R _Ml (ek)E —Mo (Qk)R
—K 0 e . 0 0
0 —K 0o ... 0 0
0
s ; 0
0 0 0 —K 0
0
. . .. 0 :
0 0 ... 0 S 0

This implies that As (6) is similar to A, (6k). It is easy to show that
(22) hold§ if and only if there exists symmetric positive definite
matrices P(6,) = W~TQ (6,)W~! such that

AL (0P (Bk1)A3(6r) — P(6) < 0.

Furthermore, notice that A; (6) can be expressed as

; AiB) lo]o
As@)=1| SO0 [0]O
0 [0

Then, apply Lemma 3 with

A<9>:=<A§(|95> g) and R:=(0]1).

Next apply Lemma 3 again for
A@®) :=A1(6) and R:=(S|0)

in order to complete the proof. O

3.2. Relations with the Lyapunov-Krasovskii stability characteriza-
tion

For discrete-time uncertain systems with delay in the in-
put such as (8), several stability results exist based on Lya-
punov-Krasovskii functions (LKFs). Using an adequate partition of
the Lyapunov matrix

Q™G Q"' Q% (8y)
0,1 1,1 .
Q(Qk) — Q .(ek) Q - (9[{) , (24)
QO,H-O-X(QI{) QH-I-S,H-FE(GIC)

it can be shown that the Lyapunov function (23) is equivalent to
the LKF
d+38 d+8 B
VXiy oo Xygg) = Z ng_in’](ek)Xk—jv (25)
i=0 j=0

which is the most general LKF that can be obtained using quadratic
forms. Any of the quadratic LKFs found in the literature (see Pan
et al., 2006; Wu & Chen, 2007; Xie & Wang, 2004; Yoo & Kwon,
2005) are a particular case of (25). As a consequence of Theorem 4,
we know that there exists a Lyapunov function (23) for (16) if and
only if there exists one of the form (21) for (14), i.e. if and only
if the equations (20) are satisfied. Consequently, condition (20)
represents a necessary and sufficient condition for the existence of
the most general form of LKFs that can be obtained using quadratic
terms as in (25). Hence, using a stability characterization based on
the model (14) is less (or, in the worst case, equally) conservative
than the stability analysis results based on quadratic LKF that are
available in the literature (Pan et al., 2006; Wu & Chen, 2007; Xie
& Wang, 2004; Yoo & Kwon, 2005).

In the next section, we will present a constructive LMI method
for controller design using stability characterizations based on
parameter-dependent Lyapunov functions such as in (21).

4. Controller synthesis

To render the model (8) suitable for controller synthesis, we
rewrite it as:

Eesr = A& + Bk, (26)
where
e M5 100 M5 o6 Mo(6x)
0 0 0
Ao =] 0 I 0 e 0]
0 0 I 0

- ~ T
B(6y) = (METQ(@;{) I 0 ... 0) . This model is equivalent
to (14) when the input is a state feedback of the form (13).

Let us now design a static state feedback controller of the form
(13). The main difficulty to synthesize a state feedback (13) is that
it results in a structured control synthesis problem, i.e. we need to
design a control law of the form
U = —ka (27)
with a specific structure in the feedback gain matrix: K =
(E Opx@ +§)m)- A solution to this structured controller synthesis
problem is to apply the approach presented in de Oliveira, Bernus-
sou, and Geromel (1999). Moreover, such an approach allows for
the use of a parameter-dependent Lyapunov function (Daafouz &
Bernussou, 2001) that might result in less conservative controller
synthesis results than the use of a common quadratic Lyapunov
function.
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Remark. From the control synthesis point of view, when dealing
with a system such as (26), a natural alternative would be to design
a state feedback controller of the form (27) using the full state &
of the underlying model (26). However, from the point of view of
the NCS (3), this is equivalent to using a dynamical controller of the
form

Uy = —KoXk — Kluk_l e — Ka+gu,<_a_g. (28)

The use of such a dynamic control law requires a reconsideration
of the assumption made earlier to lump all the delays 7°,7{ and
7. in one parameter 7. Using a dynamic control law as in (28)
actually leads to more restrictive assumptions on the network
modeling setup as y, = X, should always arrive at the controller
after the moment that u,_; is sent to the actuator, i.e. s, +
7° > S + 15, + 15, as otherwise special precautions
are needed to handle out-of-order arrival of measured outputs
resulting in longer delays. In addition, the adopted modeling
setup and controller in (28) require that no packet dropouts occur
between the sensors and the controller. Namely, in the case of a
packet dropout between the sensor and controller, it is possible
that yy = x, does not arrive at the controller and thus u
cannot be computed; furthermore the controller (28) cannot be
updated beyond the k-th update. Therefore, a deadlock in the
controller can occur and the worst case scenario would be not
sending control updates at all to the actuator. Although modeling
dropouts alternatively as prolongations of the sampling interval
(see, e.g., the comparison in van Schendel, Donkers, Heemels, and
van de Wouw (2010)) might alleviate these issues to some extent,
dropouts in the channel between the controller and the actuators
introduce similar complications in this case. We care to stress that
a static state feedback as in (13) does not suffer from such problems
and additional assumptions, as explicated in above, are not needed,
which greatly enhances its applicability.

To derive the control synthesis conditions, the model (26) is
rewritten using the real Jordan form of the continuous-time system
matrix A. Basically, we express the state matrix A = TJT~! with ]
the real Jordan form, and T an invertible matrix. Next, we compute
all the integrals in (15) using e** = Te”T~! to obtain a model in
which the uncertain parameters ), appear explicitly. This leads to
a generic model of the form

3
i1 = <Fo + Z%(Qk)ﬁ') &k

i=1

¢
+ (Go + Zm(ek)c,-) U, (29)

i=1
with 6 defined in (11) and ¢ the number of time-varying functions
o;(-) given by (d + 8 — d + 1)v, with v < n, where n is the
dimension of the state vector x. We have v = n when the geometric
multiplicity of each distinct eigenvalue of A is equal to one and

v < n when the geometric multiplicity of an eigenvalue is larger
k
than one. A typical function «;(6y) is of the form =) , with A

a real eigenvalue of A, and of the form e‘](hk_tlk) cos(b(hy — tj")) or
ea(h’rtik) sin(b(hy—tX)) when A is a complex eigenvalue (A = a+bj)
of A. For more details on the use of the Jordan form, including the
case thatv < nthereaderis referred to Appendix B in Cloosterman
(2008).

Using bounds on the uncertain parameters 6, = (h, tf, e,
tgg,d) described by the set ® in equation (12) this gives rise to

the set of matrices

I3 ¢
FG = i (Fo + iR, Go+ Y Oli(ek)Q')
i=1 i=1

O € @} (30)

that contains all possible matrix combinations in (26) and (29).
Based on this infinite set ¥ § of matrices we will derive a stabilizing
controller of the form (13) for the NCS (3). To overcome the
infinite dimension of the set g a convex overapproximation of
the set is used. Denote the maximum and minimum value of «; (6y),
respectively, by

@; = maxe;(6k),  o; = mino;(6), (31)
Oke® Okc®

with © defined in (12). Then the set of matrices ¥ §, given in (30),

is a subset of co(#rg) with

aie{apai},i:lazv”";}7 (32)

where 'co’ denotes the convex hull.

We will also write the set of vertices Hp; as Hrc = {(Hr j, Hgj) |
j = 1,2,...,2%}. Using this finite set of 2° vertices, a finite
number of LMI controller synthesis conditions is given for the
state-feedback controller (13) in the following theorem.

Theorem 5. Consider the NCS model (3), (6), (7), (13), and its
discrete-time representation (26), (13) for sequences of sampling
instants, delays, and packet dropouts o € 8 with § as in (5). Consider
the equivalent representation (29) based on the Jordan form of A and
the set of vertices ¢ defined in (32).

If there exist symmetric positive definite matrices Y; €

ROF@OMx+ @M g matrix Z € R™", matrices X; =

(YX}]J; Ygi)L with 7(1 e R™, )7(2’1‘ € R(E«I»S)mxn' )7(3,]‘ (S
RU@HOmx@+m § — 1 2 2¢ andascalar 0 < y < 1that satisfy
T TyT = T T
( X+X' =Y,  X'H{,—(Z 0) H,
HrX; —Hej (Z 0) 1=V
forallj, 1€ {1,2,...,2¢}, then the closed-loop NCS (3),(6),(7), (13)
withK =ZX 171 is globally asymptotically stable.

) >0, (33)

Proof. To prove this theorem, we first note that, due to the convex
overapproximation based on the uncertain parameters «;(-), it

holds for all 6; € © that (A(ek), B(ek)) € FG C co(Hz). Hence,
for the stability of (26) and (29) with the state feedback controller
(13), it is sufficient to prove stability of the system

28

Skr1 = Z ¥ (Hrj — He jK) & (34)
=1

where K = (K 0, @.5n) and p, b, ... puk, > 0, satisfy

212; u]’-‘ = 1, for all k € N. Assume that the inequalities (33) hold.

Using the fact that K X; = Z we have that

- X; 0
Z o)=k(2t ),
( ) (Xz.j Xa.j)

and thus we obtain:

<&+ﬁ—w
(Hrj — Ho jK)X; 1=y,

Applying Theorem 3 in Daafouz and Bernussou (2001) this
inequality implies that the function

V() = & P(uY, 5, - )k (36)

T L g\ T
Xj (Hrj = H, KO ) > 0. (35)
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Fig. 3. Feasibility regions for different transient response specifications.

with P(,ul,uz,...,u;) = PjandP] =Y, 1 is strictly
decreasing along the trajectorles ofl system (34). Consequently
system (26), (13) is globally asymptotically stable. Using similar
arguments as in Hetel et al. (2006) it can be shown that the
intersample behaviour is stable as well and, consequently, that
the NCS (3), (6), (7), (13) for all ¢ € 4 is globally asymptotically
stable. O

Remark. This theorem shows that (36) is a parameter-dependent
Lyapunov function for the system (26) with the controller (13).
Using the results from the previous section, this shows that if
the LMIs (33) are satisfied they imply the existence of a LKF
of the form (25). Notice that using this approach we avoid the
conservative upper boundings in the difference of the LKF, which
are usually encountered in the literature to arrive at LKF-based
stability conditions in LMI form.

The case of a common quadratic Lyapunov function (CQLF)
V(E) = EkTPEk is a particular case of this theorem by taking Y; =
Y,Vj=1,...,25 withP =Y~

If one is still interested in using an extended state feedback
(27) despite the mentioned disadvantages, then Theorem 5 can
be modified by replacing the matrices X;, Vi # j with a constant
matrix X without a specific structure and using Z instead of (Z 0).
The extended controller is obtained then by K = ZX ™.

In this paper we adopted an overapproximation of the NCS
model using the Jordan form and leading to (32). All the theory also
applies if the overapproximation is obtained by other techniques
(e.g. Fujioka, 2008; Hetel et al., 2006, or any other).

5. Illustrative examples

Consider a NCS represented by (3), with A = <g ;) and
B = (?) (double integrator). First, let us show the applicability

of the presented theory for time-varying sampling intervals and
delays. We consider § = 0 and we analyse the feasibility of the
LMI conditions in Theorem 5 for various values of Tmax, hmax and
y (keeping hp;, fixed, i.e. hyj, = 0.01 s). In order to use the same
continuous-time transient response specifications, the parameter
y used in the LMIs is scaled according to the different values of
Rinax, i.6. we use y = 1 — (1 — yp)"max/hmin where y, represents the
value taken for hyax = hmin = 0.01 s. The delay is considered to be
time-varying, and the LMIs are solved for T,in = 0.1hpi, and Tpax
in the interval [0.1hy,, 0.98hm;,]. Note that in this case message
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Fig. 4. Comparison between the CQLF and PDLF approaches.
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Fig. 5. Evolution from an arbitrary initial condition.

rejection cannot occur since Tpmax < hmin. The tradeoff curves
between transient performance (decay rate) and robustness versus
uncertainties (hmax, Tmax), i.e. the regions for which Theorem 5
provides a stabilizing state feedback, are depicted in Fig. 3. We
can remark that the feasibility of LMIs is reduced as y; increases.
This is due to the fact that if the parameter y, is increased, a
faster transient response is required. As an example, for the bounds
hmin = 0.01 s and hyax = 0.014 s on the sampling interval
and time-varying delays characterized by tmin = 0.1hpin and
Tmax = 0.6hnin, the stabilizing state-feedback controller with gain
K = (0.622 1.089) is obtained using Theorem 5 with yy = 0.
For o = 0.17 a faster transient response is obtained with the
controller gain K = (164.837  22.64).

Next, a comparison between the use of a common quadratic
(CQLF) and of a parameter-dependent Lyapunov function (PDLF) is
given in Fig. 4 for a constant sampling interval and time-varying
delays characterized by Ty, = 0 and 7 = h. The example
illustrates the improvement of the transient response specification
(y) with the PDLF approach. A simulation is given in Fig. 5, for two
different values of y with hpjn, = hmax = 0.01 s and Tmax = Amin.
The controller gain used in this simulation has been obtained using
parameter-dependent Lyapunov functions.
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Fig. 6. Time response with delay and packet dropouts for h = 0.25, Tnax = h and
§=1.

Finally, we illustrate the situation with time delays larger than
the constant sampling interval h. In this case 7,,x = 2.8 h and
Tmin = 0. Note that the same results hold also for the situation with
packet dropouts § = 1and Tpmax = 1.8 hor§ = 2 and Ty = 0.8 h.
This is generally true for our result as long as d + § = constant. In
this case a stabilizing controller can be found for sampling intervals
uptoh = 0.55s (e.g. for h = 0.55 s a stabilizing controller is
given by K = (0.0363 0.2525)). A simulation with both delay
and packet dropouts using the latter controller gain is presented in
Fig.6 for h = 0.25, Tnax = hand § = 1.

6. Conclusions

A discrete-time NCS model, based on an exact discretization of
the continuous-time system at the sampling instants, is presented.
This model includes all relevant network phenomena: the presence
of time-varying delays that may be larger than the sampling
interval, message rejection, packet dropouts, and variations in
the sampling interval. Next, a stability characterization based
on parameter-dependent Lyapunov functions is proposed. It is
shown theoretically that the stability characterization presented
here is generally less conservative than the methods available
in the literature based on LKF. Based on the developed model
and on the proposed stability characterization, constructive state
feedback synthesis conditions are derived in terms of linear matrix
inequalities (LMIs). Simulations are presented that show the
applicability and effectiveness of the obtained controller synthesis
results.

Appendix A. Proof of Lemma 1

To prove that u,_5_5 is the oldest control input that might be
active during the sampling interval [sy, Sx+1), we consider, firstly,
the case without packet dropouts, and secondly, the case with
packet dropouts. From the definition of d in Lemma 1, it follows
that the control input u,_j is always available at the plant before

or exactly at sy, if u,_z is not dropped. To prove this, we use the

relation sy = s,_g5 + Z;‘ k1 7 fu, which provides the upper and

lower bounds on s, given by s, _5 + dhmin < Sk < S + dhmax.
Combining the lower bound on s and s,_3 + 7,_3 < S;_g + Tmax
gives: s,_3 + 7,3 < Seg + Tmax < Sk — dhmin + Tmax < Sk, due
to the definition of d = (T‘“‘”‘l Hence, in case that the control
input u,_3 is not dropped (1 . m,_gz = 0), it is available before

or on s and no older control inputs u,; 3, with j < 0 will be
active in the sampling interval [s, Sx+1). To show that u,_5 can
be active in the sampling interval [s, Si+1), we need to show that
U,_g4q €an become active after s, if no packets are dropped. To
do so, note that d — 1 < Tax/hmin < d and thus we have that
Sk_d41 T Tmax > S d+1 + (d — 1)hmin. As the smallest value

of s = S, _gyq + Zl gy uis equal to s, g,y + (d — Dhmin,
and the largest implementation time of w,_g,; IS S,_g.; + Tmax
the previous inequality shows that u,_5,; might be available for
implementation (strictly) after s;. As a consequence, in the case
without dropouts, u,_gz,, can indeed be active in the sampling
interval [s, Sk+1)-

To prove that in the case of packet dropouts u,_z_3 is the
oldest control input that can possibly be active in [sg, Sg+1),
note that, from (4), it follows that at least one of the control
inputs u,_g_35, Uy_G 541, ---» U_g is not lost. If u,_z,, is indeed
implemented after s, (which is possible as just shown), then at
least one of the inputs u,_g_5, u,_g_5,1, - -, U_g Will be active
in the sampling interval [sy, Si+1). The fact that the maximum
number of subsequent packet dropouts equals § implies that
u,_7_5 is the oldest control input that might be implemented in
the sampling interval [s, Sk+1)-

From the definition of d in Lemma 1, it follows that the input
uy_q represents the most recent control input that might be
1mplemented during the sampling interval [sg, Sk+1). To prove this,
consider the smallest time at which u,_g4 might be implemented
that is given by s;_4 + Tmin. Based on the definition of d, which
gives that Tmin < (d + 1)hmax, We can conclude that Sk—d + Tmin <
Sk—d + (d + 1)hpax. Combining this with the tight bounds on s+,
given by:

Sk—g + (g‘}‘ 1)hmm = Sk+1 = Sk— d + (d + 1)hmax

yields that it might hold that sy_g + Tmin =< Sk41 aS Sky1 May
attain the value sy_g + (d + 1)hnax. Consequently, u_4 might be
implemented before s;.. -

To show that uy_4 is the most recent data that can be active
in [sk, Sk+1), we prove that more recent control inputs always
arrive after s, 1. Consider j > d 4+ 8 — d. Then, we have that
Sk+j—d—s + Tmin is the earliest time at which u,; 5 5 might be
implemented. To determine if this moment may occur before sy 1,
consider the upper bound on s1, in terms of s,,;_g_3, given by

Skt < Syj_g_s + (—j+d+8+ Dhmy forj > d+8 — d. However,
forj>d+38—d
Sk+j—a—3 + Tmin = Sk+j—a—§ + (_J +d+6+ 1)hmax = Sk+15
due to the definition of d = L;‘:ﬁj. This proves that u,_g is indeed
the most recent control input that can be active in the sampling
interval [s, Sg+1)-

So far we proved that u,,; 5. j € {0,1,...,d+ 5 —d} are
the only control values that can be implemented in [s, Sk+1). Now,
the times tf withj € {0,1,...,d 4+ & — d} will be constructed

in such a manner that [s; + t" Sk + t 1) is the time interval in
which the control input u,; 5 5 is active in the sampling interval

[Sk, Sk+1)- The time %:_g_ p (being the starting time of uy_g in the
interval [sy, Sk+1]) is given by
k=1
¢k, s ,=min |:hk, Tea— Y i+ mkdhm} . (A1)
I=k—d

Indeed, if my_g = 0, then si + T4 Zl k—d h; is the time at

which uy_4 is available at the plant. If T4—g k 1 > h
then uy_4 might be active after s, 4, but not in [sy, sk+1) Since we
are only interested in the interval [, S¢.1), we take the minimum
of this value and h; in (A.1). Note that, by the definition of d,
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Ted — ;:klfd h; > 0. Finally, if uy_q4 is dropped, i.e. my_g = 1,

then the expression in (A.1) gives hy, which means that the input
Uk—g is not used in [sg, Sg4+1)-
Next, as u;_q4_1 can only be active before uj_4 is available,

k . .
ti,5 4 1 S 8IVEN by
k—1
k — i k _
ta+§_g_1 = min ta+3—g’ max {0, t_g_1 Z hy
I=k—d—1
+ mkfgflhmax . (A.Z)
.. . k—1
Similarly to tggig,lfmax{o, Thod1— D g1 Mg 1Nmax €
I k=1 . . .

[0, tE<+E—d)' then sy + Tx—g—1 — I—k—d—1 h; is the time at which

Ur—4—1 is available at the plant. In case t4_g_1 — ;:,Ld h <0,
then uy_q—1 might be active before s. Since, we are only interested,
here, in the interval [s, Si+1), we take the maximum of this value
and zero in (A.2). For the other values of tj", the recursion can be

derived similarly, which leads to

k=1
k _ k R
t' =min| ¢’ ;, max 10, 5 g5 — E hy
I=k+j—d—8

+myyi_g_shmax |,

for0 < j < d+ 68 — d my,; ;5 satisfying (4), and with
t§+§7 441 = hi- The evaluation of this recursive relation yields the
explicit characterization of (7).

Appendix B. Proof of Lemma 3

Suppose that (18) holds for some matrices PT(#) = P(6) >
0, V6 € ®.Decompose the matrices as follows:

Pi(6) P2(0)
P@®) =
@ (PJ ©) P3(9)>
in accordance with the matrix A(6). By expanding (18) we obtain
for all 61, 6, € © that

AT(01)P1(62)A(01) — P1(61) + R'P2(0)A(01) | Py(6y)
+AT(61)P5(65)R + RTP5(6,)R 27U <o,
—PZT 61) —P3(61)

This is equivalent (using the Schur complement lemma) to
AT(61)P1(62)A(61) — P1(61) + R P2(62)A(61) + AT (61)P2(6,)R
+R'P3(62)R + P2(61)P; ' (6:1)P; (61) < 0.
Adding and subtracting
AT(61)Py(62)P; ' (62)P; (62)A(61)
to the previous inequality implies for all 1, 6, € ©® that
AT(61)Q(62)A(61) — Q(61) + W (6y, 6,) < 0,
where
Q®) =P1(0) — P,(O)P; ' (O)P,(6), YO €O (B.1)
and
W (61, 62) = (P2(62)A(61) + P3(62)R) x Py (6)
X (P2(62)A(61) + P3(62)R) .

As W(61,0,) > 0and Q(F) > 0 (since P3(f) > 0 and Q () is the
Schur complement of P(6)), clearly Q (), 0 € O, satisfy condition

(19). Notice that when the matrices P(f) are constant, i.e.

_p_(P1 P
ro)=r= (3} 7). wee.

the corresponding matrices Q (6) as in (B.1) that satisfy (19) are
constant as well:

QM) =Q =P, —P,P;'P], Heo.

To prove the converse, assume that (19) holds. Then, due to the
continuity of Awith respect to 6 and to the compactness of ©, there
exists € > 0 such that for all 6,0, € ®

(AT(m)Q(ez)A(el) —Q@®) +€eRR 0 ) -0
0 .

—el

This inequality shows that the matrices P(6) defined as

P©) = (Qge) 601) -0, 0O

satisfy (18).
Clearly, when Q(#) = Q, 6 € ©®, the common matrix

P(O):P:(% 601)>O, 0eo®

satisfies the inequality (18), which completes the proof.
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