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relatively little attention compared to the equilibrium case. In this paper, we propose an extremum-
seeking scheme for the optimization of nonlinear plants with periodic steady-state outputs. Extremum-

seeking control in this non-equilibrium setting is relevant in, for example, the scope of tracking and
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close to its optimal value.

disturbance rejection problems. Using the concept of semi-global practical asymptotic stability, we show
that under certain assumptions the proposed extremum-seeking controller design guarantees that for an
arbitrarily large set of initial conditions the steady-state performance of the plant converges arbitrarily

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Extremum-seeking control is an adaptive control approach that
optimizes a performance measure in terms of the steady-state out-
put of a stable or stabilized plant in real time by automated tuning
of the system parameters. In many applications of extremum-
seeking control, only limited knowledge of the plant dynamics is
available. Hence, the steady-state output of the plant (as a func-
tion of the system parameters) is not analytically known to the
designer, and the output can only be measured. So, the purpose
of an extremum-seeking controller is to drive the system parame-
ters to their optimizing values, using merely output measurements
of the plant. Since only output measurements are used, a model
of the plant is not required. Therefore, extremum-seeking control
can be applied to many different engineering domains; see, e.g.,
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Ariyur and Krsti¢ (2003) and Tan, Moase, Manzie, NeSi¢, and Ma-
reels (2010), and the references therein.

In the majority of the works on extremum seeking, the steady-
state output of the plant is assumed to be constant; see, e.g.,
Tan et al. (2010). To deal with general time-varying outputs
for Wiener-Hammerstein-type plants, Krsti¢ (2000) included a
dynamic compensator in the extremum-seeking algorithm; see
also Ariyur and Krsti¢ (2003). In many cases, the performance of
engineering systems is related to time-varying repetitive behavior
(think for example of tracking or disturbance rejection problems).
Examples are repetitive motion tasks in high-tech motion systems
such as wafer scanners (Heertjes & van Engelen, 2011), and the
control of sawtooth instabilities in fusion tokamak plasmas (Bolder
etal,, 2012).

Wang and Krsti¢ (2000) designed an extremum-seeking
controller to minimize the amplitude of a sinusoidal steady-state
output using a detector. Although the steady-state output of the
plant is time varying, the amplitude of the sinusoidal steady-state
output is constant. Therefore, the same extremum-seeking method
as for the optimization of plants with constant steady-state outputs
can be applied to minimize the detected amplitude. The results in
Wang and Krsti¢ (2000) are tailored to sinusoidal outputs, whereas
in the current paper we develop a more general framework for
performance optimization of arbitrary periodic outputs.

Guay, Dochain, Perrier, and Hudson (2007) developed an
extremum-seeking control scheme for the steady-state output
optimization of a class of differentially flat periodic nonlinear
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plants. Flatness is exploited to compute one period of the steady-
state output of the plant. Extremum-seeking control is used to
optimize the computed output in real time. This method utilizes
explicit knowledge of the relation between the parameters and
the steady-state output of the plant, i.e., an accurate model of the
system is required. A similar approach is used in Hoffner, Hudon,
and Guay (2007) for the steady-state output optimization of a
class of periodic Hamiltonian systems. We stress that the wide
application of extremum-seeking control in engineering is a result
of the distinguishing feature that extremum-seeking control is
model free, which is not the case in Guay et al. (2007) and Hoffner
et al. (2007).

The contribution of this paper can be summarized as follows.
First, we propose an extremum-seeking control method for steady-
state performance optimization of general nonlinear plants with
arbitrary periodic steady-state outputs without requiring explicit
knowledge of the relation between the parameters and the steady-
state output of the plant. Second, we present a novel extremum-
seeking controller with moving-average filter, which leads to
an improved performance. Third, we present a stability analysis
showing the semi-global practical asymptotic stability of the
performance-optimal solution. Due to the nature of the proposed
extremum-seeking scheme, the closed-loop dynamics of the plant
and extremum-seeking controller are described by functional
differential equations instead of ordinary differential equations,
which requires an essentially different analysis compared to, for
example, Krsti¢ and Wang (2000) and Tan, NeSi¢, and Mareels
(2006).

The paper is organized as follows. In Section 2, we present
preliminaries, followed by the problem formulation in Section 3.
In Section 4, we introduce an extremum-seeking controller to
optimize the steady-state output of the plant. The stability analysis
of the extremum-seeking scheme is presented in Section 5. An
example with simulations is given in Section 6 followed by the
conclusions in Section 7. The proofs of the results are found in the
Appendix.

2. Preliminaries

The sets of real numbers and natural numbers (nonnegative
integers) are denoted as R and N, respectively. The sets of real
numbers larger than zero and larger than or equal to zero are given
by R.( and R, respectively. The following notation is adopted
from Hale (1977) and Teel (1998). Let t; be a nonnegative real
number. Given a functionq : R — R"and t € R, we define q4(t)(-)
such that q4(t)(tr) := q(t + 7) for all T € [—ty, 0]. We say that
qq(t) € C([—tg, 0]; R"), where C is the Banach space of continuous
functions mapping the interval [—ty, 0] to R". We define (when it
makes sense) |qq(t)| := maXse[t—¢,.¢) 1G(S)|, where | - | denotes the
Euclidean norm.

Given two functionsf, g : R — R, by fog(-) we denote f(g(-)).
We define the following function classes. A function « : R>¢g —
R is said to belong to the class X (o € X) ifitis continuous, zero
at zero, and strictly increasing. It is said to belong to the class K,
if it is of class X and unbounded (that is, ¢(r) — oo asr — o).
A continuous function 8 : R>p X R>¢o — Rxg is said to belong to
class XL if B(r, s) is of class X in its first argument for each fixed
s > 0and monotonically decreasing to zero in its second argument,
i.e., for each fixed r > 0 the function B(r,s) — 0ass — oc.

We consider a parameterized family of N € N interconnected
systems:

-anda€)7 (l)

with states x; € RV, v; € N, foralli € {1, 2, ..., N} and parameter
vectore € R¥ . Given the vectorx(t) == [x] (¢), x(t), ..., xL (D],

X = fi(t, X1a, X2d, - -

we denote xT(t) = [|x1(t)], [x2()], . .., |xy (t)|]". This notation is
adopted from Polushin, Marquez, Tayebi, and Liu (2009).

Definition 1. The interconnected system in (1) with parameter
vector € := [e1, &2, ..., &) is said to be semi-globally practically
asymptotically stable (SGPAS) if for any p°, v € RY the following
holds. There exists an ] € R such thatforany ¢; € (0, 7) there
exists an &5 = &5(&1) € R., such that for any &, € (0, &3) there
exists an €5 = e3(e1, &2) € R.o, such that ..., such that for any
ek—1 € (0, g;_,) there exists an g} = g (&1, &2, ..., &-1) € R,
such that for any & € (0, &) and for all xj(O) < pY the solutions
x;(t),Vi e {1,2,...,N}, of (1) are well defined for all t > 0 and
satisfy the following properties:

(1) uniform boundedness: sup, g xT(t) <C;
(2) ultimate boundedness: lim sup,_, ., X (t) < v,

where the inequalities hold in an elementwise sense and where
C =C(p° €) € RY, is a constant vector.

Note that Definition 1 defines the order in which the parameters
should be tuned, namely, &; should be tuned first, followed by
&y, €3, €tC.

3. Extremum-seeking problem for periodic steady states

Consider a nonlinear plant of the following form:

x=fxu60,w),
y = h@x, w(t)),

wherex € R", u € R™, y € Rare respectively the state, the control
input, and the output, where w(t) € R' are input disturbances,
and where 6 € R is a scalar parameter. The function f : R" x
R™ x R x Rl — R" is twice continuously differentiable in x, u,
and 6, and continuous in w(t). The function h : R" x R — Ris
twice continuously differentiable in x and continuous in w(t). The
disturbances w(t) correspond to the solution of an exosystem of the
following form:

w = @(w), (3)

where ¢ : R — R'is such that the exosystem (3) exhibits the
existence and uniqueness of solutions and the continuous depen-
dence of solutions on initial conditions (in backward and forward
time). Moreover, we assume that the following assumption on the
exosystem holds.

(2)

Assumption 2. For any initial condition w(0) € R/, the solution of
system (3) is uniformly bounded (in backward and forward time)
and periodic with a known constant period T,, € R., yielding
w(t+T,) =w()forallt € R.

Note that Assumption 2 is (also) satisfied for constant solutions

of (3), because constant solutions are periodic with any period

T, € R.o.Moreover, T,, may depend on the initial condition w(0).
Consider a state-feedback controller of the following form:

u=uax,0), (4)

where the function @« : R" x R — R™ is twice continuously
differentiable in x and 8. We assume that we can find a stabilizing
controller (4) such that the following assumption holds.

Assumption 3. For all fixed 8 € R, there exists a unique, bounded
for all t € R, uniformly globally asymptotically stable (UGAS)
steady-state solution Xy ,,(t) of the stabilized plant in (2), (4).
Moreover, there existsamap M : RxR! — R", twice continuously
differentiable in # and continuous in w(t), such that

Xg.0(t) = M6, w(t)), (5)
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for fixed values of & € R and all t € R. In addition, there exist
functions oy, 00 € Koo, € K and a (smooth) Lyapunov
function V, (x) such that

ax1 (1X]) < V(X) < o (IX]), (6)
and

dVyz .

Ef (X, M(ev U)(t)), 97 U_)(t)) =< —(Zf(|x|), (7)

for all fixed € Randallt > 0, withx = x — M(0, w(t))
and f (%, M, 6, w(t)) == f& + M, aX + M,6),0, w(t)) — f(M,
a(M, 0),0, w(t)).

Remark 4. For uniformly convergent plants, it was shown in
Pavlov, van de Wouw, and Nijmeijer (2007, Theorem 2) thatxy ,, (t)
is UGAS and that there exists amap M as in (5) for each fixed 6 € R.
See Pavlov, van de Wouw, and Nijmeijer (2005) and Pavlov et al.
(2007) for a definition of uniform convergence. It was shown in
Pavlov etal. (2005) how for some classes of systems (2) it is possible
to design a controller of the form (4) such that the stabilized plant
in (2), (4) is uniformly convergent. Note that finding a controller
(4) such that Assumption 3 holds may require explicit knowledge
of the plant in (2).

Moreover, the existence of a Lyapunov function satisfying (6),
(7) actually guarantees the UGAS property for Xy ,,(t). There exist
converse theorems for UGAS parameterized families of systems
such that similar inequalities as in (6) and (7) hold; see, e.g., Lin,
Sontag, and Wang (1995).

We aim to find the fixed value of # € R that optimizes the
steady-state performance of the stabilized plantin (2), (4). In order
to do so, we design a cost function that links the output of the
stabilized plant in (2), (4) to its performance. As a stepping stone,
we introduce various performance measures of the following form:

1 [t 7
L(ya(t)) = (T— / Iy(r)lpdr)
w Jt—Ty

0 3 8
- (i / |yd<r>(r>|Pdr>p, (®)
Tw =Ty

Lo (a(t)) = renax ly(@)| = Lmax lya(H) (D)l

with p € [1, c0). Here, we emphasize that the period time T,, is
known to the designer; see Assumption 2. The argument of the
performance measures in (8) is defined by y,(t)(t) = y(t + 1)
for all t € [—ty, 0], where t; > T, is the maximal delay in the
extremum-seeking scheme, which will be defined in Section 4. We
use one of the performance measures in (8) in the design of the cost
function, which is given by

Qi(ya(t)) == g o Li(ya(t)),

where g : R>g — Ris a twice continuously differentiable function
chosen by the designer. We say that the steady-state performance
of the stabilized plant in (2), (4) is optimized if the steady-state
output of the cost function Q; in (9) is maximized. The output of
the cost function in (9) will be referred to as the performance of
the stabilized plant in (2), (4), and it is denoted by ¢ € R, i.e,
q(t) = Qi(yq(t)) withi € [1, oo].

The stabilized plant in (2), (4) and the cost function in (9) are
considered as one lumped plant with 8 and w(t) as input and q as
output, as shown in Fig. 1. Combining (2), (4) and (9), the lumped
plant is given by

ie[1,00], (9)

x=fx, akx,0),0,w()),

10
q = Ji(xa, wa(t)), (10)

1
1
w(t) = &= a0, 0w) |y oo
Y, q
[ —l—bl y = h(z,w(t)) ’ |
X — Cost !
, Stabilized plant function :
1

Lumped plant

Fig. 1. Lumped plant in (10).

with
Jitxa, wq(t)) = Qi o h(xq, wq(t)) = g o L; o h(x4, wq(t)), (11)

with i € [1, oo]. Herein, we have adopted the notation y; =
h(xg4, wq(t)) for the sake of simplicity. We will refer to J; in (11)
as the performance function.

Next, we introduce a useful property on the periodicity of the
steady-state solution Xy ,, (t).

Property 5. Suppose that Assumptions 2 and 3 hold and 6 € R is
fixed. Then, the corresponding steady-state solution Xy ,, (t) is periodic,
with period T,, € R.,.

Proof. Using the uniqueness and UGAS properties of the steady-
state solution in Assumption 3, the proof of the property follows
similar steps as the proof of Pavlov et al. (2005, Property 2.23). O

Assuming that Assumptions 2 and 3 hold, note that, from (2)
and Property 5, it follows that the steady-state output yy ,,(t) =
h(xp . (t), w(t)) is Ty-periodic if 8 € R is fixed. Subsequently,
the steady-state performance Gy ,,(t) = Qi(Vp.w.a(t)) = g o
Li(¥g,.4(t)) is constant for each fixed 6 € R, because yg ,,(t) is
T, -periodic and the output of L; in (8) is constant for T,,-periodic
inputs. We obtain that the relation between fixed values of the
parameter ¢ and the steady-state performance gy ,, is given by the
following static map:

- ;
Jstap(0) =g o <T/0 [h(M (8, w(T)), w(T))I”dT>

w

(12)

7€[0,Ty

Jsta,00(0) =g 0 ( max |h(M(0, w(7)), w(f))l> .

with p € [1, c0), where we used (5), the definitions of L; in (8) and
Jiin (11), and the periodicity of w(t) to obtain (12).

Consider some i € [1, co]. We assume that the output function
h in (2), and/or the map M in (5) and/or the input w(t) are
unknown? to the designer. Note that this implies that the static
map Jyq; in (12) is also unknown. Nonetheless, we adopt the
following assumption on the existence of a unique maximum of

Jsta,i-

Assumption 6. Consider some i € [1, oo]. It is assumed that the
static map Jyq ; in (12) and its first two derivatives with respect
to 0 are continuous and bounded on compact sets of 8. Moreover,
it is assumed that there exists a function o € X and a constant
0* € R, corresponding to the value of 6 that optimizes the steady-
state performance of the stabilized plant in (2), (4), such that

d]sta,i
do

for all & € R. In other words, for 6 = 6* the map Jy, ; achieves a
unique maximum in R.

10 — "] < —oy (10 — 67)), (13)

2 Note that the period T,, of the unknown input w(t) is assumed to be known,
since w(t) satisfies Assumption 2.
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By finding the maximum of the map Jq; at 6 = 0%, we find the
value of 6 € R that optimizes the steady-state performance gy ,, of
the stabilized plant. Hence, we can rephrase the objective of finding
the value of € R that optimizes gy ,, by finding the value of 6 € R
that corresponds to the maximum of the static map Jyq ;, i.e., by
finding 6 = 6*.

4. Extremum-seeking controller design

Consider the extremum-seeking scheme in Fig. 2. The extre-
mum-seeking scheme consists of the lumped plant in (10) and an
extremum-seeking controller consisting of a perturbation-based
gradient estimator and an optimizer. The optimizer is given by

b = Ke, (14)

where e is the estimate of the gradient —3 ]““ d (6) Here, we propose a
novel gradient estimator based on a movmg average filter, which
we will call a mean-over-perturbation-period (MOPP) filter, given by

t

e= 2 _ A sin@[t — ¢)dr. (15)
-2

am

Using 6 = 6 + asin(wt), (10
dynamics are given by

), (14) and (15), the closed-loop
x=f(x, a(x 0+ asin(wt)), 0+ asin(wt), w(t)),

_ ok _ (16)
 Jixa(r). wa(0)) sin(lt — gD,

%)

t— <%

withi € [1, o0] and § ¢ R, where a, w, K € R. are controller
parameters and ¢ € R is a constant. Note that the maximal delay
of the extremum-seeking scheme and, therefore, the maximal
delay for delayed signals with subscript dis t; = T, + %”; the
delay T, 1s 1ntroduced by the performance measure L; in (8), while
the delay is introduced by the MOPP filter.

Remark 7. To motivate the use of the MOPP filter, assume that the
performance q is equal to the steady-state performance gy ,, and

that € R is fixed. Then, we can write the performance q as
q = Jsai(0) = Joai(6 + asin(et))

= ]sm,i(é) +a Jsta l

@) sin(ot) + O (a?) . (17)

The correspondmg gradlent estimate e in (15) is given by

w R t
e = Juai®) / sin(wlt — ¢ldr
ar Zl

+ ; siai 5 / sin(w?) sin(w[r — ¢)dr + O (a)
= J“" L) cos(we) + O (a) (18)

where a)d) and a are typically small. Note that the magnitude
of the frequency response function of the MOPP filter e(t) =
P ftizl i(t)dr is given by ‘% = ’sinc (%
is the unnormalized sinc function. Contrary to finite-order filters
such as the low-pass and/or high-pass filters in Krsti¢ and Wang

) ‘ where sinc(-)

(2000) and Tan et al. (2006), angular frequencies ® =
and higher-order harmonics related to the perturbation signal
asin(wt) are filtered out completely as H((/ls)) ’ = 0forall ® = kw

with k € N. o, which results in a more accurate gradient estimate in
(18). Similar to Krsti¢ (2000), the phase shift w¢ between a sin(wt)
and sin(w[t — ¢]) is introduced to compensate for the delays
introduced by the plant dynamics and L; in (8), which is part of

w(t)— &= f(z,a(z,0),0,w(t))
q = Ji(za,wa(t))

Lumped plant

“ € | 2 w
6= Ke o Jie

MOPP filter

Extremum-seeking controller

Fig. 2. Extremum-seeking scheme in (16).

the performance function J; in (11). A good choice for the constant
¢ € R is an estimate of the sum of the time-varying delay of the
plant dynamics and the performance measure L;.

For analysis purposes, we select K = a?w$, where § € R.g
is a constant. In addition, the following change of variables is
introduced:

X:=x—M(@®,w(t) and 6:=0—0" (19)
where M and 6* are defined in (5) and Assumption 6, respectively.

Using K = a?w8 and the change of variables in (19), the system
equations in (16) are transformed to
dx - oM | do
I =f(&M,0,wt))— 5 |:d +awcos(wt)i| ,
~ (20)
a9  aw?*s (* .
- = JiRa(7) + M (1), wq(r))s(r)dr,
dt n Jim

withi € [1,00],f (fc,M, 0, w(t)) =fx+M,a(x+ M, 0),0,
w(t)—f(M, a(M, ), 0, w(t)) asin Assumption 3, My(t) := M(6y
(t), wy(t)), and s(t) := sin(w[t — ¢]). To prevent lengthy expres-
sions, we have not substituted & = 6 +6* +a sin(wt), and we have
written M instead of M (0, w(t)).

5. Stability analysis
5.1. Main result

We first present our main result, which states the conditions
under which the system in (20) is SGPAS as defined in Definition 1.

Theorem 8. Suppose that Assumptions 2, 3 and 6 hold. Then, the
closed-loop dynamics of the extremum-seeking scheme in (20) is
SGPAS, where the parameter vector is given by € = [a, w, §]".

Proof. See AppendixA.1. O

Let us make explicit the implications of this result. Under the
conditions of Theorem 8, the state x of the stabilized plant in (2),
(4) converges to an arbitrarily small neighborhood of the steady-
state solution given by the map M in (5) for sufficiently small
a,w,8 € Rog, since x = X + M(0, w(t)) and x converges to an
arbitrarily small neighborhood of the origin; see the definition of
an SGPAS system above (Definition 1). Then, from the continuity of
Jiin(11), it follows that the performance q of the plant converges to
an arbitrarily small neighborhood of the steady-state performance
for sufficiently small a, w, § € R.,. Note that, from Theorem 8
and 0 = 6 + 6* + asin(wt), it also follows that the value of the
parameter 6 converges to an arbitrarily small neighborhood of the
performance-optimizing value 6* for sufficiently small a, w, § €
R. g, since 8 converges to an arbitrarily small neighborhood of the
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origin and |a sin(wt)| < a. Hence, it follows that the performance
q of the stabilized plant in (2), (4) converges arbitrarily close to the
optimal steady-state performance for sufficiently small a, w, § €
R. (or equivalently a, w, K € R.g).

5.2. Supporting technical results

To prove Theorem 8, the extremum-seeking scheme in (20) is
regarded as a feedback interconnection between its X-dynamics

and its é—dynamics. First, bounds on the solutions & (t) and %(t) of
(20) are derived. Let t* > t4 be a constant. For t € [0, t*], we use
the following bound on the solution 6(t), which follows directly
from the boundedness of the right-hand side of the §-dynamics in
(20) for compact sets of 6 and %, and is obtained by integrating the
é—dynamics in (20).

Proposition 9. Suppose that Assumptions 2, 3 and 6 hold. Then, for
any p?, p* € R. there exists a constant ¢, € R.q such that for
all sup;~g |§d(t)| < p?, sup,~q 1X4(t)| < p* and bounded values of
a, , 8 € R. the following bound holds for all t > 0:

16(t)] < 10(0)] 4+ awdcyt. (21)

The following proposition provides a bound on the solution é(t)
fort > t*.

Proposition 10. Suppose that Assumptions 2, 3 and 6 hold. Then,
for any p?, p* € R.q there exist functions By € KL, ypx €
X and a constant Co € R, such that for all sup;sq [04(t)] <

o, Sup;s [Xa(t)] < p* and bounded values of a, w, 5 € R the
following bound holds for any t* > tyand all t > t*:

AGIES max{ﬂe (16(t")], st — 1)),

Vox (SUD Iid(t)l) Ne } (22)
t>t*

Moreover, there exist some functions Yox1, Yox2, )/9[ € XK and some
constant Cg € R.g such that yg(-) = ’)/gx]( Vox2(+)) and Cg =

Pac(la+ wTy, + 81Gy).
Proof. See Appendix A.2. O

Similar to Tan et al. (2006), note that the convergence rate of the
é—dynamics in (20) depends on the controller parameters a, w, 6§ €
R. (see the second argument of the function 8, in Proposition 10).
Note that small a, w, § € R.o imply a slow convergence of 6. The
next proposition provides a bound on the solution x(t) of the X-
dynamics in (20).

Proposition 11. Suppose that Assumptions 2, 3 and 6 hold. Then, for
any p’, p* € R.q there exist a function B, € KX.£ and a constant
Cx € Roq such that for all sup,=.q 1a(t)| < p?, sup,=g [Xa(t)] < p*
and bounded values of a, w, 8 € R.g the following bound holds for
allt > 0:

%(0)] < max {B,(XO0)], t), G} - (23)
Moreover, there exist some function yxc € X and some constant
C € R.q such that C, = yxc(awC ).

Proof. See AppendixA.3. O

To complete the proof of Theorem 8, the bounds obtained in
Propositions 9-11 are exploited using a small-gain argument; see
Appendix A.1.

6. Illustrative example

Consider a plant with the following dynamics and output:

X1 =X
Xy = —25x1 — b(@))Q + wq(t) (24)
y = X1,

where b(0) € R.(is anonlinear characteristic that depends on the
system parameter 6 € R and is given by

b(@) = 10 +5(68 — 10)%. (25)
The input disturbance w1(t) = 205sin(80t) is part of the solution
of the exosystem w; = vw,, w, = —vw;, with v = 80 and

initial conditions w(0) = 0 and w,(0) = 20. To fll’ld the value
of & € R that maximizes the amplitude of the steady-state output
of the plant in (24)-(25), we introduce the following cost function:

Qoo (Va) = Loo(Va), (26)

where L, is defined in (8). Using (24)-(26), the relation between
fixed values of 6 and the steady-state plant performance gy ,, is
given by o o = Jsta,00(6), with
20
_Ism,oo(e) = > > . (27)
v/ 6375 4+ 80°b%(9)

Note that the extremum of the map is located at 6 = 6* = 10; see
Fig. 3.

The extremum-seeking controller in Fig. 2 is used to optimize
the steady-state performance of the plant in (24)-(25). Simulation
results in Fig. 3 (in black) show that # converges to a small
neighborhood of the performance-optimizing value 6* = 10. As
0 converges to 6*, the amplitude of the output y increases and the
performance q of the plant converges to a small neighborhood of
the optimal steady-state performance indicated by the maximum
of the static map Jsq, oo-

To emphasize the benefit of the novel MOPP filter for gradient
estimation, Fig. 3 also shows simulation results (in gray) for
a similar extremum-seeking scheme, where the MOPP filter is
replaced by a first-order low-pass filter with (properly tuned)
angular cutoff frequency w; = 1.1; see Krsti¢ and Wang (2000) and
Tan et al. (2006). Fig. 3 clearly shows that the use of the MOPP filter

results in a better estimate e of the gradient % (é). As mentioned
in Remark 7 and illustrated in Fig. 3, the main reason for this fact
is that (for fixed @) the MOPP filter filters out all oscillations with
angular frequency w (and higher-order harmonics), while the low-
pass filter does not. Moreover, by using the MOPP filter we obtain
a smaller estimation delay compared to when the low-pass filter is
used. Because the MOPP filter provides a better gradient estimate

of Ystai (é), the system parameter 6 converges faster to the optimal
value 6* when the MOPP filter is used; see Fig. 3.

7. Conclusions

In this paper, we have presented an extremum-seeking
control method for steady-state performance optimization of
general nonlinear plants with periodic steady-state outputs. This
methodology allows us to consider arbitrary periodic steady-
state outputs without requiring explicit knowledge of the relation
between the system parameter and the steady-state output of the
plant. Furthermore, we have presented a novel extremum-seeking
controller with moving-average filter, which we call a mean-
over-perturbation-period (MOPP) filter. Simulations indicate that
our design leads to an improved performance with respect to a
comparable extremum-seeking controller with a low-pass filter.
Moreover, conditions have been presented under which semi-
global practical asymptotic stability of the closed-loop system
is guaranteed, which implies the achievement of performance
optimization using extremum seeking.
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-

Fig. 3. Simulation results of the extremum-seeking scheme with a MOPP filter
(black) and a low-pass filter (gray), fora = 0.5, K = 4x 103, w = 15and ¢ = 0.02,
with initial conditions 9(0) = 20 and x14(0)(t) = —5.4 x 1074, x54(0)(7) =
—6.8 x 107* forall T € [—tq, 0], withty =T, + & = L + 22 = 1=

120 °

Appendix. Proofs

A.1. Proof of Theorem 8

Definezt := [|8], |X|]7. To prove the validity of the statement in
the theorem, we will show that for any p° := [pf, p?]" € R? and
any v := [vg, v]" € R?  there exist some constant vector C € R?
and some real numbers a* € R.g, * = w*(@) € R.g,8* =
§*(a) € R.g such thatforalla € (0, a*), w € (0, w*),§ € (0, 5*)
and all zj (0) < p° the solutions of the closed-loop extremum-
seeking dynamics in (20) are well defined for all t > 0 and satisfy
the following inequalities:

supz*(t) < C, (A1)

20

limsupz™(t) < v. (A2)
t—00

First, choose p?, p* € R. in Propositions 9-11 sufficiently large
such that

Bo(pg,0) < p” and Bi(py,0) < p, (A3)

where 8y € XL is defined in Proposition 10 and B, € KL is
defined in Proposition 11. Next, fix a € R. ¢ at a sufficiently small
value such that

Co = Poc([a + wT, + 81Cs) < min{p?, vy}, (A4)

for sufficiently small w, § € R.o, where yc € KX and Gy € Rog
are defined in Proposition 10. Let ¢;+ € R. ¢ be a constant such that

- 1. .
Yox(Cer) = Yox <aV9x2(Ct*)) < min{p’, vp}, (A5)

where Ysx1, Yox2 € K are defined in Proposition 10. We choose
t* > t4 sufficiently large such that
,Bx(/o,?» t" —tg) < cp, (A.6)
where 8y € KL is defined in Proposition 11. From |éd(0)| < pg
and (21) in Proposition 9, it follows that

sup |Ga(t)| < po + awdcpt*. (A7)
t€[0,t*]

Using that 8y € XL in Proposition 10 is continuous and, without
loss of generality, By (s, 0) > sforall s € Rxo, from (A.3) and (A.7),
it follows that

sup 0a(t)] < Bo(pg + awdcot™, 0) < p’, (A8)
tel0,t*]

for sufficiently small w, § € R.q. Note that, for sufficiently small
w € R.o, we have that

G = rxe(awCy) < min{p", ¢, vy, (A.9)

where Y € X and EX € R. are defined in Proposition 11. From
(A.3),(A9), |%3(0)] < p,?, and (23) in Proposition 11, it follows that

sup [X4(t)| < max {By(py. 0), G} < %, (A.10)
t>0

for sufficiently small @ € R.o. Note that [x4(t)| = mMaXse[r—¢,,1]
[X(s)| implies that sup,e« [Xg(t)| = supse«_, |X(6)]. Then, from
(A.6), (A.9) and (23) in Proposition 11, we have

sup [%4(6)| < max {Be(poy, t* — ta), G} < crs, (A11)

t>t*

for sufficiently small ® € R.,. From (A.8), (A.11) and (22) in
Proposition 10, it follows that

16(t)| < max{ﬂg (pf + awdcot*, wd(t — ),

Yox (Cex) Ce}, (A12)
for all t > t*. From (A.4), (A.5) and (A.12), we immediately obtain
that

lim sup |§(t)| < Vg,
t—o0

for sufficiently small w, § € R.o. Moreover, from (A.4), (A.5), (A.8)
and (A.12), it follows that

(A.13)

sup |0(t)| < maX{ﬂo (0§ + awdcot*, 0) , yox (cev) Ce}

t> %

IA

0’ (A.14)

for sufficiently small w, § € R.. From (A.9) and (23) in Proposi-
tion 11, we obtain

limsup [X(t)| < vy, (A.15)
t—00

for sufficiently small w € R . From (A.8), (A.10) and (A.14), it fol-

lows that

sup |04(t)] < p’ and  sup [Rq(6)| < o, (A.16)
t>0 t>0

for sufficiently small w, 8 € R.q. This implies that the bounds in
Propositions 9-11 are valid for sufficiently small a, w, 5§ € R.q.
From (A.8), (A.10) and (A.14), it follows that (A.1) is satisfied with

0
co max{ﬁe (0§ + awdcat™, 0) , yox (ct*),Ce} (A17)

max { (oy, 0). G}
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Moreover, (A.2) directly follows from (A.13) and (A.15). Recall that
we first fixed a € R.( before we selected sufficiently small val-
ues of w,§ € R.,. Hence, there exist some (sufficiently small)
a* € R.g,w* = w*(@) € R.gand §* = §*(a) € R.q such
that (A.1) and (A.2) hold for alla € (0,a*),w € (0, w*) and all
S € (0, 8*). This completes the proof of the theorem.

A.2. Proof of Proposition 10

Throughout the proof, we assume that a,w,6 € R.( are
bounded. Cons~ider some i € [1, oo]. To prove the proposition, we
first write the #-dynamics in (20) as

o aw?s [* ~
- = / Jsta,i(0(t) + 0% + as(r))s(r)dr
dt n Jem
+aa)8A1 +(1a)8A2 +aw8A3, (A18)
where
o [* ~
Ay = — / {]sm,,-(G(r) + 6" +as(z))
T Jiz
~Jsai @) + 6" + as(o) sy, (A19)
w t
8= 2 f [iMa (), wy(o)
T Ji2m
—km@ﬁ%HV+mﬁDFUML (A20)
o [* .
4y = = / {iGa(@) + Ma(), wa(o)
T Ji2
—JiMg(7), wd(r))]S(r)dr- (A21)
Applying the Taylor series expansion, we write
Jsta,i@(€) + 6% + as(1)) = Jowa (O() +67)
+aqr)km%90)+9)-+aRwa)z a), (A22)
with
B 1
RO, 7.0 =) [ a=n
d JSfﬂ i %
. O(t) + 6% + as(z)r)dr. (A.23)
Using (A.22), the Q—dynamlcs in (A.18) are rewritten as
dé
EE:aw h“w+0)+mwm
—+ aa)(SAz —+ aw8A3 +a 0)8A4, (A24)
with
o [f ~
4= —/ R(O(t), T, a)s(T)drt. (A.25)
Using the Lyapunov-Razumikhin function candidate Vy (é) = %,
see for example Teel (1998), we obtain
dv,
Ef:aw h“w+9w+mwm9
+ w8 A20 + awd As0 + a*wS A4f. (A.26)
From (A.26) and (13) in Assumption 6, it follows that
dVy
ar < —a a)&x,(|9|) + awd| A1]|0]
+ aw8|A3]|6] + aws| As||6] + a>ws| A4l 16]. (A.27)

Let us now derive bounds for |A;|, i = 1, 2, 3, 4, to be used in the
inequality in (A.27), starting with |A4|. Note that, using (20), we
obtain that

Jsta i@ (T) + 6% + as(7)) — Jsa,i(O(0) + 0* + as(t))

d.]Stal
= / @) +6* + as(r))—(r)dr

_ Jsta.i ~ *
_2aa)8/t 10 @)+ 6" 4+ as(r))

r

wl (%a(p) + Ma(p), wa(p))s(p)dpdr, (A.28)

271

forallt e [t — %”, tlandallt > 2. From sup;- |04(t)| < p’ and
Sup;s [X4(t)| < p*, we conclude that 16] < p? and |%| < p* for all
t > —tq. Combining (A.19) and (A.28), we obtain that there exists
some constant C,, € R.¢ such that

|A1| < CISCAP (A29)

forall |§] < p’, |%| < p*andallt > 2.

Let us now upper bound |A,|. Suppose that the perfor-
mance function J; in (11) is subjected to steady-state inputs
Mig(t) = M(014(t), wq(t)) and Mag(t) = M (624(t), wa(t)) with
(010, w(1)), (B20, wa(t)) € C([—tg, 0]; Q) x €([—tg, O; RY,
where @ C R is a compact set. Note that, from the definition
of the performance measures L; in (8), it follows that L;(y4(t)) <
Loo(ya(t)) = maxe(—r,,01 |y(t + 7)| foralli € [1, oo]. Then, from
(11) and the continuity of the functions g, h and M, it follows that

itM1q(t), wa(t)) — Ji(Maq(t), wq(t))|
= |g o Li o h(M(014(t), wy(t)), wy(t))
—g o Lo h(M(04(t), wy(t)), wa(t))|

<Cy max |0:;(t+ 1) —06(t + 1), (A.30)
t€[—Ty,0]
for some constant Cy € R.. Let the function 6,(t) = 6; be

constant for all ¢ € R. Then, from the definitions of J; in (11) and
Jsta.i in (12), we have that

JiM (614(6), wa(6)), wa(t)) = Jsia,i(61), (A31)

for all t € R. Hence, for constant 6;(t) = 64, from (A.30), (A.31),
and Mq4(t) = M(014(t), wqy(t)), we obtain that

Usta,i(61) — Ji(M2q(t), wa(t))|
<Gy _max 161 = fa(t + 7).

te[—Ty

(A32)

Now, let 05(t) € @, forallt € R, be an arbitrary (time-varying)
function. Note that, for any arbitrary fixed value of t € R, we can
define 6; such that 6; = 65(t). Since the fixed value of t € R can
be chosen arbitrarily, from 6; = 65(t) and (A.32), it follows that

Usta,i(O3()) — Ji(Maq(t), wa(t))]

<Cu max | 65(t) — O2(t + 7)),

T€[-Ty

(A33)

for all t € R. Hence, (A.33) holds for any arbitrary (time-varying)
function 65(t) € @ and allt € R. Next, for all t > —tg, let
05(t) = 6(t)+6*+as(t) and 6, (t) = O(t) = 6(t)+6*+asin(wt),
which implies that M4 (t) = My(t) forallt > 0. Then, from (A.20),
(A.33), and s(t) := sin(w[t — ¢]), it follows that

|Az] < 2Cy max
telt— 2 t).re[~Ty,0)

[‘ém B +1)|

+a|sin(w[t — ¢]) — sin(w[T + r])|i|, (A.34)
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for all t > 0. Using the é—dynamics in (20), we have that

max ‘é(r)—é(r—i—r)‘

telt—2T t].re[~Ty.0]

< max /T )é(r)‘drfTw max

relt—-2 1) Jo—1,, Telt—2 T, 0]

5(1)‘

w
< 2awdT, max —
re[t— 2T _1,,¢] 270

[

. / . UiRa(r) + Mg(r), wg(r))| dr, (A35)

forallt > 2 + T, = t4. Furthermore, we have that

max Isin(w[t — ¢]) — sin(w[t +1])|
re[tf%',t],re[fTw,O]

—¢
<w max / |cos(wp)| dp

telt—2Z t],re[~Ty,00 Jr+r

o5

2 T, 2

1
+ :| . (A.36)

Combining (A.34)-(A.36) yields that there exists some constant
Ca, € R.g such that

|4a] < 60T, Cay, (A37)

forall |§] < p% |k < p*andallt > t4. Note that (A.30), and
therefore (A.37), is valid, because for 65(t) = 6(t) +6* + as(t) and
6>(t) = O(t) + 6* + asin(wt) there always exists a compact set
@ C Rsuch that 65(t), 65(t) € @ forall |0] < p°.

Next, let us upper bound |As|. Similar to (A.30), using the
definition of J; in (11), it follows that there exists some constant
Cj; € R.q such that

ViRa(r) + Ma(T), wa(7)) — Ji(Ma(7), wa())]
=|g o Li o h(X4(7) + Ma(t), wy(7))
—goLioh(My(r), wa(r))]
< reE?f.O] |X(t +1)], (A.38)

forall |6] < p?, || < p*. Combining (A.21) and (A.38), we obtain
that there exists a constant C,, € R such that

|As] < Ca,lXal, (A.39)

forallt > 0, with [X4(t)| := MmaXse[r—,,¢ [X(S)|. Hence, from (A.27),
(A.29), (A.37), (A.39) and |9| < p?, it follows that

dv, X . o1e
< = —awdey(19]) + awdCayp” I

+d’wsla + wT,, + 81max{Cy,, Ca,, Ca,}p’, (A.40)

for all |8] < o? IX] < p¥andallt > t;, where the constant
Ca, € R.o upper bounds |A4|, with A4 in (A.25). Note that we
used that the function R in (A.23) is bounded for all |§| < p’ and
allt € Rtoconclude that|A4] < C,, for some constantC,, € R.o.

From (A.40), it follows that, if |§| > max{aj_l(gCA3p9 |X4l),

o ' (4la + T, + 81max{Cya,, Ca,, Ca,}p")}, then

d - 2

d Vo (12 wd
<

o (16)), (A41)

forall |6] < pf, %] < p*andallt > t,. Using a similar approach as
in for example Sontag (1989), from (A.41), it can be shown that (22)

is satisfied with Yox (r) = pec(r) := a]_l(r), Voxa (1) = 4CA3p9r

for all r € R and Cy = 4max{Cy,, Ca,, Ca,}0’. This completes
the proof of the proposition.

A.3. Proof of Proposition 11

Throughout the proof, we assume that a,w,8 € R.o are
bounded. Using V,(X) in Assumption 3 as a Lyapunov function
candidate for the X-dynamics in (20) yields

dv, dVy~ .

X M

o = ) ®BME w©),0,wo)
%aﬂ @_’.a cos(wt) (A42)
dx 00 | dr IOV '

Substituting (7) and the é—dynamics in (20) in (A.42), we obtain

Vx

I < —oy(|X]) — awAs, (A43)
with
_avaM[ws [© "
=22 ﬂ/tzgj,(xd(rw £(0), wa(1))
-s(r)dr + cos(wt)i|. (A.44)

As in the proof of Proposition 10, sup,-g |§d )] < p’ and Sup;=
Xa(t)| < p* imply that || < p and | < p*forallt > —tq.
Forall || < p?, |%| < p*andall t > 0, there exists a constant
Cas € R such that

| 45| < Cas. (A45)
where As is defined in (A.44). Combining (A.43) and (A.45) yields

Vy -
< —a;(|x]) + awCa,, (A.46)

dr
forall |6] < p?, |%| < p*and all t > 0. From (A.46), it follows that,
if [X] > o '(2awCy;), then

(A47)

forall |6] < p%, |X] < p*and allt > 0. Using a similar approach
as in for example Sontag (1989), from (A.47), it can be shown that
(23) is satisfied with Jxc(r) := ay;' 0 &y © af’](r) forallr € Rog

and fx = 2C,5, where ayq, 0y € Ko are defined in (6). This
completes the proof of the proposition.
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