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Abstract— Research on the output regulation problem is In Section V we present and discuss experimental results.

mainly focused on theoretical developments and studies on Section VI contains conclusions. The results presented in
simulation level. In this paper we present experimental reslts this paper are part of the work [13].

on the nonlinear output regulation problem for a benchmark
mechanical system, the so-called TORA system. The effeaiv Il. OUTPUT REGULATION OF THETORA SYSTEM
ness of the approach is shown and its practical limitations i&

illuminated. Consider the so-called TORA-system (Transitional Oscil-

lator with a Rotational Actuator), which is shown in Fig. 1.
|. INTRODUCTION This system consists of a cart of makswhich is attached
The output regulation problem is one of the most importarip a wall with a spring of stiffness. The cart is excited by
problems in control theory. It includes the problems ofa disturbance forcéy. In the center of the cart, there is a
tracking reference signals and rejecting disturbancegrgenrotating arm of mass:. The center of mass of the af@Mis
ated by an external autonomous system (exosystem). Hocated at a distance éfrom the rotational axis and the arm
linear systems, this problem was thoroughly investigatellas an inertia/ with respect to this axis. The arm is actuated
in the 1970-s, see e.g. [1], [2]. For nonlinear systemd$y a control torquel,,. The cart and the arm move in the
intensive research started with the papers [3] and [4], whidhorizontal plane and, therefore, gravity effects are aditt
provided solutions to the local output regulation problem f The horizontal displacement of the cart is denotect and
general nonlinear systems. These papers were followed Hye angular displacement of the arm is denoted by
a number of results dealing with different aspects of the The control problem is to find a control law for the torque
output regulation problem for nonlinear systems: approxil, such that the horizontal displacementends to zero in
mate, robust and adaptive output regulation. For the lategtesence of a harmonic disturbance fofGe The frequency
list of references on the subject the reader is referreddo tiof the disturbance force is fixed and known in advance,
recent monographs [5], [6]. Despite the significant intetes while the amplitude and phase may vary from experiment to
this problem, most of the known results are theoretical anekperiment. This is a particular case of the output regutati
the proposed controllers solving the problem are validatgeroblem. Firstly we find a controller solving this problem
only in simulations. To the best of our knowledge, at thdocally, i.e. for small initial condition(0), é(0), #(0), and
moment there are only two publications [7] and [8] related(0) and for disturbances with small amplitudes.
to experimental output regulation for nonlinear systentss T

’ SoI X ) [1l. CONTROLLER DESIGN FOR THETORA SYSTEM
motivates further studies in experimental nonlinear outpu . . . .
regulation In this section we design a simple controller for the

In this paper we present experimental results on Outpg{'sturbance rejection problem considered in Section le Th

regulation for the so-called TORA system (Translationa‘f"quations of motion for the TORA system are given by [9]:

Oscillator with a Rotational Actuator). This system is a Mé+mil(fcost — 6*sinb) + ke = Fa, (1)

benchmark mech_amcal system used for testing many npnlm- JO+miécosd = T,

ear control techniques, see e.g. [9], [10]. The local ha&aim _

output regulation problem for the TORA system has beefhereM := M +m. The disturbance forcé&; is generated
considered in [11], [12]. First, in Section 1l we describeby the linear exosystem

the TORA system and state a local disturbance rejection
problem for this system. This problem is a particular case of
the local nonlinear output regulation problem. In Sectibn |

a controller solving the disturbance rejection problem is
presented. The experimental setup is described in Seétion |

W) = Wwy, Wy = —wwy, Fgz=w, 2
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wherew is the oscillation frequency. The initial conditions ofimplemented in the experimental setup described in the next
the exosystem (2) determine the amplitude and phase of teection.
excitation. The control problem is to asymptotically regeal
e(t) to zero for all sufficiently small initial conditions of the IV. EXPERIMENTAL SETUP
closed-loop system and for all sufficiently small initialnco ~ The experimental setup has been constructed by adapting
ditions of the exosystem and at the same time to guarantae existing X-Y positioning system (the H-bridge setup)
that for F; = 0 the closed-loop system has an asymptoticallyn the Dynamics and Control Technology Laboratory at
stable linearization at the origin. This is a particularecaé Eindhoven University of Technology. The setup is shown
the local output regulation problem, see e.g. [14], [15]. Wén Fig. 2.
assume that, ¢, 4, 6, w, and w, are measured and all
parameters of the system are known.

Following [14], we seek a controller solving this problem
in the form

T, = c(w) + K(x — n(w)), 3)
wherez := [e,¢,0,6]T is the state of the system (1) and
w = [wy,wy]” is the state of the exosystem (2). The

matrix K is such that forv = 0 the closed-loop system (1),
(3) has an asymptotically stable linearization at the arigi
The mappingsr(w) := [ (w), ma (w), 73 (w), 74 (w)]T and
c¢(w), with 7(0) = 0 and¢(0) = 0, areC! mappings which
are defined in a neighborhood of the origin = 0 and
satisfy the so-called regulator equations [15]. The sohdi Fig. 2. The adapted H-bridge setup.

to the regulator equations have the following meaning: for

any sufficiently small solution of the exosystew(t), for

the disturbance forcd’;(t) = w(t) and controller action A. Setup description

Tyu(t) = c(w(t)), the functionz(t) = w(w(t)) is a solution  The adapted H-bridge setup is schematically shown in
of system (1) and along this solution the displacem&nt Fig. 3. It consists of the following components. The two
equals zero. By substitution one can easily check that thgarallel axes Y1 and Y2 are equipped witmear Magnetic
mappings Motor Systems LIMMS Y1 and LIMMS Y2 that can move

. wq along their axes. These two carriages support the X-axis.
m(w) =0, my(w) =0, m(w) = —arcsin (mlw2) > () 1n all experiments that are performed on this setup, the Y1
W and Y2 carriages are controlled to maintain a fixed position
ma(w) = — (22wt — w?)1/2’ (5)  with a low-level PID controller. Therefore, in the sequel we
! assume that these two carriages stand still and that thasX-ax
c(w) = w?wy (m?Pw* —wi —w3)J ®) is fixed.

(m22wt — w?)3/2

satisfy the regulator equations.
The requirement on the matrik” is equivalent to the
requirement thatd + BK is a Hurwitz matrix, where the

In the sequel we will refer to the X-LIMMS carriage
moving along the X-axis as the cart. The mass of the cart
is M [kg]. The displacement of the cast[m] is measured
using a linear incremental encoder (Heidenhain LIDA 201)
with a1 um resolution. The force applied to the cart by the

matrices

2 J 1 0 0 971 1 Y24 Y724
A= |  MI-mP 000 B.=| M™Mi-m2 e

kml M | motor

e 0 00 T U VA

follow from the linearization of system (1) at the origin. No
tice that in the model (1)/ > ml* and M > m. Therefore, LiMMS Y1 | N LiMMS Y2
M.J — m?1? > 0. For all non-zero system parameters the T UMPSX\ T
pair of matrices(A4, B) is controllable. Therefore, we can \
always choose a matrik’ such thatA + BK is Hurwitz. v Arm 2

Consequently, we have found a controller solving the local
output regulation problem. The controller (3) admits some
freedom in the choice of the matri. This freedom can be
used, for example, in tuning the controller to obtain dédea
performance of the closed-loop system. Controller (3) is Fig. 3. The adapted H-bridge setup scheme, top view.
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linear motor is proportional to the (voltage) control signa
ur Which is fed to the linear motor through a proportional ,
current amplifier, i.eF' = krup. The constankyr has the -05

0 0.5
value of 74.4 N/V ([16]). In addition to the actuating force, ¢ [mis]
a friction force Fy = Fy(é) is present in the roller bearings Fig. 6. The identified friction force?; (é).

of the cart, which depends on the cart velocity. Moreover,
there is a position dependent cogging fofce= F.(e). This
cogging force is caused by the interaction of the permanerdatating arm attached to the cart. The corresponding model
magnets in the X-axis stator base and the iron-core coils bfs the following form
the electromagnets in the cart, see [16] for details. — .. i 2 . _ .

In order to transform théZ-bridge into a TORA system, Mé + mi(® COS__0 — 6 sing) = F - Ff((.%) +Eele), )
additional hardware has been added to the cart, see Fig. 4. A JO +mlécost =T — Ty(6),

vertical shaft supported by a set of (deep-groove and anguignere 7 := A + m, the actuator force acting on the cart
contact) ball bearings is attached to the back of the carg thequaIsF — kpup and the actuator torque acting on the arm

forming a rotational joint. An arm of mass [kg] is attached equalsT = g,krkaur, whereuy andus are the control
to the lower end of the shaft. The center of mass of the ar@ignals for the cart and for the arm, respectively.

is located at the distanédm] from the shaft center line. The The cogging forceF,(e) and the friction forceF (¢)

angular position of the shaft (and consequently of the armp)yye heen identified using dedicated experiments [16], see
0 is measured by a rotational incremental encoder (Maxo&ig_ 5 and 6, respectively. The friction torgiig(¢) has been

HEDLS5) with a (quadrature decoded) resolutionof8°  jgentified using constant angular velocity tests. The tegyl
at the motor shaft. A 48V, 150W DC motor (Maxon RE40), raph is given in Fig. 7.

fitted with a ceramic planetary gearhead (Maxon GP42C), |itig| estimates of the masa, the productnl and the
drives the shaft via an adapFed flexible coupling (ROBA—_DX-,nema J are computed from the CAD drawings, material
type 931.333). The gear ratip equalsi13. The backlashin qa1a and specifications of the motor and gearhead. These
the gearhead is approximately5° at the output shaft. The ogtimates areil = 20.965 kg, ml = 1.2514 kg - m and

total inertia of all rotating parts (the arm, shaft, couglin 7 _ ( 5405 kg-m?2. These estimates will be used as a starting
bearings, gearhead and motor) with respect to the shaft is

J [kg-m?]. Due to the friction in the motor, gearhead and
ball bearings of the shaft, an additional friction tordlie=
Tf(é) acts on the arm. The torqueg,, generated by the DC
motor is proportional to the current[A] fed to the motor,
ie. T,, = kri, wherekp = 60.3 mN -m/A is the motor
constant. The current is generated by an analog current
amplifier. It is proportional to the (voltage) control sidgna-
fed to the amplifier, i.ei = kK ur, whereky, = 1.6 A/V is
the amplifier constant.

Taking into account all the active forces and torques, we 00 e, [Odeg,;‘]m 200 300
use the equations of Lagrange for the setup consisting of the )
cart moving along the fixed X-axis and the (horizontally) Fig. 7. The identified friction torqué’s (6).




point to obtain more accurate estimates based on closgd-loaf the matrix K is determined by several requirements. The
experiments. first and the third entries in the matriX, which correspond

In order to implement the TORA system in the resultingo the displacement of the cartand angular position of the
setup, we need to compensate for the friction in the cart aradm # must be large enough to compensate for the residual
the arm, and for the cogging force in the X-axis. Moreoveffriction and backlash present in the system. At the same
we need to implement the virtual spring actiefte and the time, the real part of the eigenvalues of the linearizededes
disturbance force; along the X-axis. For the cart, this is loop system must be less than a certain threshold in order

achieved by the controller to guarantee fast convergence rates and sufficient rolasstne
1 . ) properties of the closed-loop system. Finally, the control
up = —(Fp(é) — Fi(e) — ke + Fy), (8)  signal resulting from this matri¥ must not exceed, in most

e operating conditions, the bounds imposed by the amplifier

where F;(é) and F.(e) are the friction compensation andand DC motor specifications. Taking these requirements
cogging compensation forces (based on the identified valuggo account, a combination of some optimization proceslure
of these forces, see Fig. 6 and %)[N/m] is the stiffness with trial and error resulted in the matri presented above.
of the virtual _spring (_Which we can set _arbitrarily) and  The estimates for the parametefsand ml are tuned
Fy(t) = wi(t) is the disturbance force acting on the cartpased on closed-loop experiments using the output regalati
In the experiments performed on the setup, parameter controller (in order to obtain better performance). The new
is set equal tok = 500 N/m. The exosystem (2), with estimates ard = 0.4270 N-m? (21% smaller than the initial
w(t) = [wi(t), wa(t)]", is integrated in the PC/dSpace-gstimate) andnl = 1.3389 kg -m (7% larger than the initial
system and the disturbance forkg(t) = w, (#) is computed  ggtimate). These estimates are used in the feedforwardfpart

from the obtained solutions. o ~ the output regulation controller in the experiments présen
Next, we need to implement friction compensation in the, this paper.

rotating arm. This is achieved by the controller The friction compensation torque in the rotating arm

(T + T4(6)), ) Ty () is set 1.5 times larger than the identified friction
torque Ty (¢) given in Fig. 7. It has been noticed that for
this friction compensation in the rotating arm the congoll
as a better performance. Such a large deviation from the
identified values may be explained by the fact that the
friction in the gearhead, which is the main contributor te th
. friction in the arm motion, depends not only on the angular
the exosystem (2), the resulting system takes the form velocity 6, but also on the torque applied to the shaft. The
Mé + ml(fcosd — 6 sin ) + ke F;+¢er (10) identification of the friction torque has been performed for
JO +mlécosd = Ty+er, very low torques (constant velocity experiments), while in
the experiments with the TORA controller the torques are
where Fy(t) = w (t) is the disturbance forcel, is the much higher. The cogging compensation foicé) is set
control torque (new input) andr ander are the residual equal to the identified cogging force presented in Fig. 5.
terms due to non-exact friction and cogging compensatiorhe friction compensation forcgy (¢) in the cart motion is
and due to uncertainties in the system parameters. Systeet to90% of the identified friction force presented in Fig. 6
(10) is now in the form of system (1) (if the residual termso avoid overcompensation. Moreover, for a cart velogity
are not taken into account) for which the controller (3) sslv of magnitude less thaf.035 m/s, it is set to
the local output regulation problem. This controller reqgsi
the values for and¢, which are measured by the encoders, 1(0.90
¢ andé, which are obtained by numerical differentiation and :
filtering of the measured signatsandf, and the values of

wi (#) anduw; (¢), which are computed in the dSpace-systemy, . under-compensation of the friction in the cart motion

V. EXPERIMENTS reduces the friction-induced limit-cycling which exceéds

In this section we present experimental results performégkPeriments if the friction compensation force is set equal
on the adapted H-bridge setup in closed loop with ththe real friction force, see e.g. [17]. At the same time,

ur =
grRTRA
WhereTf(é) is the friction compensation torque based o
the identified friction torque in the arm, see Fig. 7, afd
is a new control input.
After implementing the low-level controllers (8), (9) and

1(6) = S Py (e).

controller (9), (3). friction under-compensation makes the equilibrium.set in

terms of the position of the cart larger. In the experiments,

A. Parameter settings this equilibrium set can be easily observed when the cart
The gain matrixX in the controller (3) is set tax :=  sticks in a pointe., which is close, but not equal to zero.

[29, —1.5, —11, —1.9]. The eigenvalues of the linearized In the experiments, the frequency of the disturbance force
closed-loop system corresponding to this valugsond to  F,(t) (the frequency of the exosystem) is set toHz,

the estimated system parameters given in the previouseectiwhich corresponds ta in the exosystem (2) equal to =
equal—1.0313+5.8493i and—0.9121+3.8901:. The choice 27 rad/s.
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B. Experimental results
All experiments are performed for the initial conditions of

the exosystem equal 0, (0) = 0, w2(0) = A. These initial — g’
conditions correspond to the disturbance folEg(t) := % 0\/\/ i

Asin(wt). We perform the experiments for two values of -1t .
the amplitude4: 4 =15 and A = 25 N. Sl ‘ ‘ ‘ ‘ ‘ ‘ ‘ |
Two types of experiments are performed. In the experi- 0 1 2 3 4 5 6 7 8

ments of the first type, the system starts in a given initial

qonditione(o) = eo [m], €(0) = 0 [m/s], 6(0) = 6, [ded], Fig. 10. Experiments for a disturbance force of amplitude= 15 N.

0(0) = 0 [deg/s]. For each value of the amplitudé we Disturbance compensation is activated during the experime

perform three experiments corresponding to differentahit

conditionsey, and 6y. These initial conditions are given in

Table I. The results of the experiments corresponding to the From these experimental results we can immediately draw

disturbance amplituded = 15 and.A = 25 N are presented the following conclusion. The output regulation controlle

in Fig. 8 and 9, respectively. In these figures the controllgf8) does compensate a significant part of the harmonic

effort is represented by the current k,ur [A] fed by the disturbance force acting on the cart, and the output reigulat

amplifier to the DC motor. occurs. The residual friction in the cart motion manifests
In the experiments of the second type, the system itself in the sticking phenomenon: after transients the car

affected once again by a disturbance fafg€t) of amplitude stabilizes at an equilibrium position which is close, but no

A. Initially, only the feedback part in the controller (3) isequal to zero.

active, i.e.T, = Kz, and there is no compensation for In Fig. 12 the cart displacement signal related to an ex-

the disturbance forcé’;(t). Since there is no disturbance periment, performed at a different time, is depicted. QYear

compensation, the cart starts oscillating. At an arbitrargxact output regulation is not attained and a limit cycle

time instantt, the feedforward part of the controller is of small amplitude remains. In this respect, it should be

activated, i.e.T,, = c¢(w) + K(x — m(w)). This results noted that the friction characteristics in the setup argestib

in disturbance rejection in the position of the cartThe to change due to temperature and humidity change in the

results of the experiments corresponding to the distutbantaboratory. However, exactly the same friction compesati

amplitudesA = 15 and 25 N are presented in Fig. 10 and as in the previous experiments was used. Consequently, the

11, respectively. limit cycling can be caused by an interaction of several
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factors: friction and friction compensation in the cart oot
friction and friction compensation in the rotating arm,dee

back controller and backlash in the gearhead. These prsblerr[17]

require an additional investigation which is outside thepsc
of our research.

VI. CONCLUSIONS

In practice there is always some type of (non-)parametric
uncertainty present in the system. It can be either due @ ina
curately identified parameters of the system or due to éncGti
backlash or other parasitic phenomena acting on the system,
which are not taken into account in the system model. These
uncertainties may significantly reduce the performance of
a controller. This performance deterioration may manifest
itself, for example, in a steady-state regulation error, as
illustrated by the experimental results on the TORA system
presented above. It should be noted that most theoretical
works on robust output regulation for nonlinear systems
are focused mainly on parametric uncertainties. The result
presented in this paper urge the need for further work on
the robustness of output regulation controllers with respe
to non-parametric uncertainties.

The results given in this paper represent one of the first
steps in the field of experimental output regulation for non-
linear systems. They illustrate applicability of the noefar
output regulation theory in experiments. Further work is
under way to implement an output-feedback controller for
the disturbance rejection problem and to reduce the stickin
and limit cycling phenomena caused by friction and backlash
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