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Output Tracking Control of PWA Systems

Nathan van de Wouw, Alexey V. Pavlov, Kristin Y. Pettersen and Henk Nijmeijer

Abstract—: In this paper, an observer-based output-feedback
control design solving the tracking problem for continuous
piecewise affine (PWA) systems is proposed. The design of the
dynamic controller is based on the idea of, on the one hand,
rendering the system convergent by means of feedback (which
makes all its solutions converge to each other) and, on the other
hand, guaranteeing that the closed-loop system has a bounded
solution corresponding to zero tracking error. This implies that
all solutions of the closed-loop system converge to this bounded
solution with zero tracking error. Using this synthesis approach
we solve the state tracking problem for general continuous PWA
systems and the output tracking problem for a class of single-
input-single-output PWA systems. The results are illustrated
by application to mechanical systems with one-sided restoring
characteristics and backlash.

I. INTRODUCTION

Currently, PWA systems are receiving wide attention due
to the fact that the PWA framework [1] provides a means
to describe dynamic systems exhibiting switching between a
multitude of linear dynamic regimes, see e.g. [2], [3]. Such
switching can, for instance, be due to piecewise-linear char-
acteristics such as dead-zone, saturation, hysteresis or relays.
The asymptotic tracking of prescribed reference signals is a
central problem in control theory and will be considered here
for PWA systems. A common approach in achieving tracking
is the stabilisation of the tracking error dynamics. One could
then think of translating the tracking problem for PWA
systems into some stabilisation problem for PWA systems
and subsequently applying known results for the stabilization
of PWA systems, see for example [4], [5], [6], [7], [8], [9].
For PWA systems that can be represented in the form of
a Lur’e system, stabilising output-feedback control designs
are proposed in [10]. As we will illuminate in the next
section, the switching nature of the vector-field of general
PWA systems seriously complicates such an approach. These
difficulties can be recognised in [11], where the tracking
control of bimodal discontinuous PWA systems is studied.

Here, we propose a different approach towards the track-
ing problem for general continuous PWA systems. In this
approach, the notion of convergence plays a central role.
A system, which is excited by an arbitrary bounded input,
is called convergent if it has a unique solution (related
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to the input) that is bounded on the whole time axis and
this solution is globally asymptotically stable. Obviously, if
such a solution does exist, all other solutions, regardless of
their initial conditions, converge to this solution, which can
be considered as a steady-state solution [12], [13]. Similar
notions describing the property of solutions converging to
each other are contraction analysis, incremental stability and
incremental input-to-state stability, see [14], [15], [16].

In the scope of the tracking problem we use the con-
vergence property in the following way. The design of the
tracking controllers is based on the idea of, on the one hand,
rendering the closed-loop system convergent by means of
feedback (which means that all its solutions converge to each
other) and, on the other hand, guaranteeing that the closed-
loop system has a bounded solution corresponding to zero
tracking error. This implies that all solutions of the closed-
loop system converge to the desired solution.

The paper is structured as follows. In Section II, the
tracking problem for PWA systems is stated. The notion of
convergence is introduced and sufficient conditions for con-
vergence of PWA systems are presented in Section III. The
latter properties are used in Section IV to design (observer-
based) dynamic output feedback controllers solving the state
tracking problem for general continuous PWA systems and
the output tracking problem for a class of single-input-single-
output PWA systems. An example illustrating the results is
presented in the form of a mechanical system with one-
sided restoring characteristics and backlash in Section V.
Section VI gives concluding remarks.

II. PROBLEM FORMULATION

Consider the state space R™ to be divided into polyhedral
cells A;, i =1,...,1, by hyperplanes given by equations of
the form H;‘F.’c +h; =0, for some H; € R" and h; € R,
j=1,... k. We will consider PWA systems of the form

t=Ax+b,+Bu for xeA;, i=1,...,1

(1)

y = Cu.
Here B € R**™ C € R7*", A; € R™*" and b; € R",
i=1,...,1, are constant matrices and vectors, respectively.

The vector & € R” is the state, the vector y € R? is the
measured output and the vector u € R™ is the control input.
We assume that the right-hand side of (1) is continuous. This
assumption can be formalized in (necessary and sufficient)
requirements regarding A;, b;, H; and h; (see e.g. [17]).
The problem considered in this work is twofold:

State Tracking: Design a (dynamic) control law for w that,
based on information on the desired state trajectory aq(t)
and the measured output y, renders x(t) — x4(t) as t — oo
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and the states of the closed-loop system bounded.

Output Tracking: Design a control law for w that, based
on information on the desired output trajectory y,(t) and
the measured output y, renders y(t) — y,(t) for t — oo
and ensures that the states of the closed-loop system remain
bounded.

Many results on tracking for smooth systems do not apply
to PWA systems due to the non-smooth (switching) nature
of PWA systems. One could then think of translating the
tracking problem into some stabilisation problem and subse-
quently applying known results for the stabilization of PWA
systems; a topic which is currently receiving wide attention
(see e.g. [4], [5], [6], [7], [8], [9]). Yet, this common way
of solving the problem does not lead to tractable solutions.
To illustrate this, let us consider the state tracking problem
for system (1) for the simplest case of state feedback, i.e.
y = x, and see how this problem would be approached in a
conventional way. The first step in this approach would be
to decompose the control law into a feedforward part w ¢ (¢)
and a feedback part wgy(x, q(t)): w(x, xq(t), us(t)) =
wyr(t) +upp(x, 24(t)). This results in the following closed-
loop system:

& =A;x+b; + Buyg(t) + Buysy(x, zq(t)), 2)

forx € A;, i =1,...,1. The feedforward part w ¢ (t) is such
that the desired solution x4(¢) is a solution of the system

d)d(t) = Ai:Iid(t) + b1 + BUff(t), (3)

forxy € A;, i =1,...,[. Subsequently, asymptotic tracking
is assured by designing the feedback part w s, (x, €4(t)) such
that the dynamics of the tracking error e = & — x4(t) are
globally asymptotically stable. These error dynamics follow
from (2) and (3):

e = Az(e + .’Bd(t)) — Ajﬂ?d(t) + (b7 - bj) + .B’U/fb7 (4)

for (e +xq4(t)) € Ay, i =1,...,0 and x4(t) € Aj, j =
1,...,l. The problem in this approach for PWA systems lies
in the fact that the error dynamics in (4) not only switch
when the state  switches from one polyhedral cell to another
but also when the desired trajectory switches from one
polyhedral cell to another. Consequently, the error dynamics
is described by (potentially) [? different vector fields (which
vector field applies depends on e and x,(t), see (4)). More-
over, one should realise that these dynamics are time-varying.
This combined switching and time-varying nature seriously
complicates the stability analysis of the equilibrium point
e = 0 of (4) for general desired state trajectories x,(t) and
prevents us from applying standard stability analysis methods
for PWA systems. The latter exposition aims at clarifying that
the tracking control problem for PWA systems, on the one
hand, can not be tackled by applying known techniques for
tracking of smooth systems due to the non-smooth nature of
PWA systems and, on the other hand, it is significantly more
complex than the stabilisation problem for PWA systems.
The above discussion motivates our study of the tracking
problem for PWA systems. Here, we will propose a new
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approach to this problem based on the notion of convergent
systems [12], [13], which is introduced in the next section.

III. CONVERGENT SYSTEMS

Consider systems of the form

with state € R" and input w € RY. The function f(z,w)
is locally Lipschitz in 2 and continuous in w. In the scope
of our problem setting of tracking control, the input is due to
the time-dependent desired trajectory (e.g. x4(t) and w7 (¢)
in (2)). In the following we will consider the class PC,
of piecewise continuous inputs w(t) : R — R? which are
bounded on R.

Definition 1
System (5) is said to be
o convergent if, for every input w € PC,, there exists a
solution &, (t) satisfying the following conditions:
(i) @4 (t) is defined and bounded for all t € R,
(il) @, (t) is globally asymptotically stable.
o uniformly convergent if it is convergent and ., (t) is
globally uniformly asymptotically stable.
« exponentially convergent if it is convergent and ., (t) is
globally exponentially stable.

For the definition of Lyapunov stability of solutions of
differential equations we refer to [18], [171.

The solution ,,(t) is called a steady-state solution; the
subscript w emphasizes its dependency on the input w(t).
For uniformly convergent systems the steady-state solution
is unique, as formulated below.

Property 1 ( [17])

If system (5) is uniformly convergent, then the steady-state
solution &, (t) is the only solution defined and bounded for
allt € R.

The next definition extends the uniform convergence prop-
erty to the input-to-state stability framework.

Definition 2

System (5) is said to be input-to-state convergent if it is
uniformly convergent and for every inputw € PC 4 system (5)
is input-to-state stable (ISS) with respect to the steady-state
solution &,,(t), i.e. there exist a KL-function (3(r,s) and a
KC-function ~(r) such that any solution x(t) of system (5)
corresponding to some input w(t) := w(t) + Aw(t) satisfies

[ (t) — & (t)] <B(|z(to) — Tw(to)l  — to)
+7( sup_[Aw(r)]). ©
to<t<t
In general, the functions [3(r, s) and v(r) may depend on the
particular input w(t).

IThe solution @, (t) of system (5), which is defined on ¢ € (t, 4+00),
is said to be stable if for any to € (t«,+oc0) and € > O there exists
6 = d(e, to) > 0 such that |z(to) — Z(to0)| < ¢ implies |z(t) — Z(¢t)| < €
for all t > tg.
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Similar to the conventional ISS property [19], the property of
input-to-state convergence is especially useful for studying
convergence properties of interconnected systems. In [17],
it is shown that a series connection of two input-to-state
convergent systems is an input-to-state convergent system.
The latter property will be used in Section IV to design
output feedback tracking controllers.

Sufficient conditions for exponential convergence and
input-to-state convergence for the class of continuous PWA
systems, given in (1), are stated in the following theorem.

Theorem 1 ( [20])

Consider system (1) and assume that its right-hand side is
continuous in x. If there exists a positive definite matrix
P = P" > 0 such that

PA, +ATP <0, i=1,...,1, (7)

then system (1), with w as input, is exponentially convergent
and input-to-state convergent.

Condition (7) is also sufficient for the exponential conver-
gence and input-to-state convergence of system (1) if the
polyhedral cells A; (and the corresponding b;) are time-
dependent, as long as for any fixed ¢ the right-hand side
of (1) is continuous in .

1V. FEEDBACK CONTROL DESIGN

Let us now propose a convergence-based design of the
tracking controller that avoids dealing with explicitly in-
vestigating the stability of the error dynamics. The main
idea of this convergence-based controller design is to find
a controller that guarantees two properties: a) the closed-
loop system has a trajectory which is bounded for all ¢
and along which the tracking error (either & — x4(t) or
y — y,(t)) is identically zero, b) the closed-loop system
is uniformly convergent. Condition b) guarantees that the
closed-loop system has a unique bounded UGAS steady-state
solution, while condition a) guarantees that, by Property 1,
this steady-state solution equals the bounded solution of the
closed-loop system with zero tracking error.

A. State Tracking

In the case of state tracking, the desired trajectory is
known in terms of the entire state, i.e. x4(t) is known. We
adopt the following assumption on the desired solution x4(t)
and the existence of an appropriate feedforward w zf(t):

Assumption 1

The desired solution x,4(t) is defined and bounded on R.
Moreover, there exists a feedforward wy(t), defined and
bounded Vt, that satisfies (3), i.e. usr(t) can be considered
to be a reference control generating x 4(t).

In the following theorem an observer-based control design
solving the state tracking problem is proposed.

Theorem 2
Consider the system (1), with a continuous (in x) right-hand
side, and a desired trajectory x4(t) satisfying Assumption 1
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with w s (t) being the corresponding feedforward. Suppose
the LMIs

P.=Pl >0, )
AP.+PAT +BY +Y'BT <0, i=1,...,1,
and the LMIs
P,=P. >0,
)

PA+ATP, + xC+CT xT <0, i=1,...1,

are feasible. Denote K := YP. ' and L := P, ' X. Then,
system (1) in closed loop with the observer-based controller

x=Az+b+Bu+L(y—y),

y=Cuz, (10)
u=K (@ — :L’d(t)) + Uff(t),
for x € A;, ¢ = 1,...,l, is input-to-state convergent

with respect to the inputs xq(t) and wys(t). Moreover,
(x(t), z(t)) = (xq(t), x4(t)) is a globally uniformly asymp-
totically stable solution of the closed-loop system and this
solution corresponds to zero tracking error, i.e. asymptotic
state tracking is achieved.

Proof: The closed-loop system (1), (10), with inputs
x4(t) and ws(t), is input-to-state convergent, see Theorem
2 in [20]. The proof of Theorem 2 in [20] is based on
Theorem 1 and certain interconnection properties of input-
to-state convergent systems [17]. Using Definition 2, we
conclude that the closed-loop system (1), (10) therefore is
uniformly convergent. Assumption 1 and Property 1 guaran-
tee that (x(t),z(t)) = (xa(t),z4(t)) is the only solution
of the closed-loop system that is defined and bounded
Vt. Therefore, ((t),&(t)) = (xq(t),xq(t)) is a globally
uniformly asymptotically stable steady-state solution of the
closed-loop system (1), (10), i.e. state tracking is achieved
asymptotically. |
In Theorem 2, the proposed control law is decomposed into a
feedforward part w ¢ (¢) and a linear tracking error feedback
part K (& — x4(t)). The reconstructed state &, required
in this feedback law, is provided by an observer for the
(switching) PWA system that does not require information
on the switching moments of the PWA system. This observer
consists of a copy of the PWA dynamics and a linear output
injection term. Clearly, by requiring the satisfaction of the
LMIs (8) and (9) the controller and observer can be designed
separately.

B. Output tracking

In the output tracking problem only a desired output y ()
is known. A bounded state trajectory x4(t) corresponding to
this desired output as well as the corresponding feedforward
term wys(t) are, in general, unknown. Therefore, the con-
troller design from the previous section is, in general, not
applicable for the case of output tracking. Yet, we could use
this result if we could asymptotically generate x,(¢) and
wugr(t) from the desired output y,(¢) and its derivatives.
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We consider single-input-single-output PWA systems (¢ =
m = 1) of the form:

& = €41,
& =al€+ B+ +bu
n=x,¢+¥n+o;+vu,
y =<,

for [¢7 nT]" € A, i = 1,...,1. Note that in (11) the
relative degree r is well-defined and fixed since it is the same
in all polyhedral cells A;, i = 1,...,[, and is not affected by
the switching between the vectorfields in A;, i = 1,...,1.
Here,£:= [ & ... &] =y ¥ yr=1]" s
a column of derivatives of the output, where y(") denotes the
r*" time derivative of y and n = [771 nn,r]T a set
of additional coordinates. Moreover, o;; € R", 3, € R*™7,
X; € RO=xr @, ¢ RI=mx(=r) g, e R(=7) for j =

Llv eR"™ and v;, fori =1,...,[, and § # 0 are
scalars. With the definition of the state vector © = [ﬁTnT] T,
we can write (11) in the form of (1) with

for j=1,...,r—1,

(1)

010 0 ..o o
001 0 ...0 0 0
..................... o” ;
Ai=100 0 0 1 07| BT v (12)
T T !
(&% ﬂ’[ g;
Xi v
and B = [0 ) VT]T, where 0 is a zero-column of
length (n—r). Once more we assume continuity of the right-
hand side of (11) (in [¢7 57]").
In seeking a desired bounded state trajectory
T
xq(t) = [ng(t) ng(t)} corresponding to  the

desired output, we can easily find &4(¢).

T
€t) = |ya(t) dalt) yS @] To find the
remaining part of the desired trajectory n,(t), consider the
control u matching the desired & ,(t):

w=3 (170 - al () - Bl =),

for [€] (1) nT]T € A;, i=1,...,1. The tracking dynam-
ics, i.e. the n-dynamics defined in (11), with &(t) = &,(¢)
and w as in (13) are given by:

Namely,

(13)

. &t
n=A,n+b, +B,, [ (r )( ) (14)

yg ()]’
for  [eX(t) n"]" e Aiy, i = 1,...,1, with
A, = ‘I’ %Vﬁ = o; — TU and B,, =

[( Xi ) ] 1,...,0. If we assume that
system (14) is 1nprut -to-state Convergent and the input vector
[ﬁd( t) (r)( )} is bounded on R, then there exists a

unique solution 7,(t) of system (14) that is defined and
bounded on R and this solution is UGAS, see Definitions 1, 2
and Property 1. Therefore there exists a unique bounded

on R solution x4(t) = [gg(t) ndT(t)]T corresponding to
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the desired output yu(t). Moreover, this solution can be
asymptotically generated (one could say reconstructed) using

the PWA filter
&0 o o [€a®
) 0= 5] 09

for [SdT(t) AT] € A;, i = 1,...,1, in the sense that for
any initial condition 7(0) of system (15) we have &,4(t) —
x4(t) for t — oo. Then, the feedforward control uss(t)
corresponding to this @4(t) can be asymptotically generated
(reconstructed) by the formula

g (0) = 5 (4570) - aT&,(0) ~ B4 — )

for [édT(t) ﬁT]T € A;, i = 1,...,1, in the sense
that 4yr(t) — uysr(t) as t — oo, where ugs(t) is defined
by (16) with 7) = n,(t). Here, we have used the continuity
assumption, which, as a consequence, implies that the right-
hand side of (16) is continuous. Let us now adopt the
following assumption on the tracking dynamics (14):

';7 = Amﬁ‘i’bm*’Bm [

(16)

Assumption 2
B, = B,, |, fori=2,...,l,ie. all input matrices of the
tracking dynamics (14) are equal.

Using the latter assumption, the assumption that the tracking
dynamics (14) are input-to-state convergent can be checked
using Theorem 1, since system (14) is a PWA system with
the right-hand side being continuous with respect to i for
any fixed ¢t € R (this follows from the continuity assumption
on system (11)). Therefore, system (14) is input-to-state
convergent if the following LMI is feasible:

P,A, + Al P, <0,
P,=Pl>o0.

i=1,...,1,
(17)

The requirement on the convergence of the tracking dy-
namics is strongly related to the common requirement of
minimum-phase tracking dynamics for smooth systems. It
should be noted that the approach proposed here for PWA
systems follows the nowadays standard approach for solving
tracking problems as developed for smooth systems in [21].
The final statement regarding a solution to the output
tracking problem is presented in the following theorem:

Theorem 3

Consider the system (11), with a continuous right-hand side,
satisfying Assumption 2. Let yq(t) be the known desired
output such that yd(t),yd(t),...,yl(f)( t) are defined and
bounded on R. Suppose the LMIs (8), (9) and (17) are
feasible. Denote K := YP_' and L := P_,'X. Then the
overall controller design, consisting of the observer

&= A& +b;+Bu+ L(j—y),

18

y=Cz, (18)
forx € A;, i=1,...,1, the controller

UZK(ﬁs—ZABd(t))—i-ﬂff(t), (19)
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the trajectory generator (15) and the feedforward con-
troller (16) solves the output tracking problem.

Proof: System (11) in closed loop with (18) and (19)
with &4 and @y as inputs is input-to-state convergent, see
Theorem 2. System (15), (16), with inputs &, yér), is input-
to-state convergent since LMI (17) is feasible. Therefore,
the overall closed-loop system (11), (18), (19), (15) and (16)
with (£4(), 55" (£)) = (ya(t), 9a(t). ..., 45 (1)) as inputs
is input-to-state convergent, since it is a series connection
of input-to-state convergent systems [17]. Moreover, one
can easily verify that the closed-loop system has a solution
(z,&,7) = (®q,%a,n,), Where T4 = [€) ng]T. This
solution is defined and bounded on R. Hence, by Property 1,
this solution is the UGAS steady-state solution of the closed-
loop system. This, in turn, implies that all solutions of the
closed-loop system are bounded for ¢ > %3 and output
tracking is attained, i.e. y(t) — yq(t) as t — oo. [ |
Theorems 2 and 3 do not only state that the proposed
controllers solve the corresponding tracking problems, but
also that the corresponding closed-loop systems are input-
to-state convergent with respect to the inputs used by these
controllers. This property guarantees a certain robustness of
the closed-loop dynamics, since small perturbations of the
controller inputs ((x4(t), wss(t)) in the case of state tracking
and (&,4(t), yr(f) (t)) in the case of output tracking problem)
will result in small deviations from the desired trajectory
corresponding to zero tracking error. This, in turn, results in
small tracking errors.

V. AN ILLUSTRATIVE EXAMPLE

We consider an output tracking problem for a non-smooth
mechanical system as depicted in Figure 1. The displace-
ments of the masses m; and my are denoted by z; and 2o,
respectively, and their respective velocities by Z; and Zs.
Mass my is attached to the fixed world by a linear spring-
damper combination, with spring stiffness k1 and damping
coefficient d;. The stiffness coefficients of the two one-sided
(linear) springs are given by k, and k3. Moreover, mass my is
coupled to mass ms by a linear viscous damper with damping
coefficient do. Mass m experiences a (possibly) asymmetric
backlash (with backlash gaps c1,co > 0) before hitting the
one-sided springs. Moreover, the control input w actuates
mass mi and z; is measured. Mass my is desired to track
a sinusoidal reference trajectory z1 = z4(t) := Agsin(wt),
while the remaining states (zo and Z,) remain bounded.

Z2

i
B
k 1 " 1 dQ
(]
ma
1 ko ol ~ ®) £ k3

Figure 1: Controlled 2DOF mass-spring-damper system with back-
lash and one-sided restoring characteristics (depicted
configuration is valid for zo — 21 = 0).
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The dynamics of this system can be formulated in the
form (1), withn =4, k=2, 1 =3, m=q=1, ¢ =

. . 1T kac kac T
[21 41 2 2] ,blz[o -2 0 Ti;] , by =0,

T
b3:£0 kaer —M} , AN ={x| a3 > 21+ e},

ma ma
A={z|zs<zi+caNhaz>x;—c}h Ay ={x| a3 <
_ 1 T ~_
xl—cl},B_[O - 0 0} ,C_[l 0 0 O] and
0 1 0 0
_ky  __do ko dy
_ mq mq mi mq
A= g 0 0 1 '
ko do _ketks _ditds
L mo mso mao ma
[0 0 0
0 —dz 0 da
— ma ma
A=) 0 1 ' (20)
0 da _ k1 _ditds
L mo 2 mo
0 1 0 0
_ ks _dy k3 da
JR— mi1 mi miy mi
As 0 0 0 1
k3 dy _kstks  _ditdy
L mo mso mo m2

Clearly, this system is of the form (11), with € = [z1 5] r

and n = [a?3 x;dT. The PWA filter (15) can now be used
to generate the desired trajectory for mass ms. However, As-
sumption 2 is not met. Therefore, we propose the following
coordinate transformation for the PWA filter: 7j; = 7j; — z4(t)
and 7)o = 7)2. In these transformed coordinates, the trajectory
generator takes the following form:

il = Ay 7+ by, + By Ed(”] , @)

a(t)
for [€7(t) 7T = [za(t) 0]]" €Ay i=1,...,3, with

0 1 0 -1
Aﬁl = |:_k2+/€1 _d1+d2:| ) Bﬁ = |:_ﬂ ﬂ:|

ma ma ms ma
0 1 1
Aﬁz - |:—ﬂ __d1+d2:| ) AﬁS = |:_ ks+ky _d1+d2:| )
m2 m2 ma mo
(22)
kac ’ kac T
by, = [O —22 by, = 0 and by, = [0 ;L_;}

We require the input-to-state convergence of the -
dynamics (21), which can be checked using the LMIs (17). It
should be noted that the convergence properties of a system
are preserved under smooth coordinate transformations [17].
Therefore, the PWA filter (15) inherits the convergence
properties from (21) (the latter is required in Theorem 3).
Now, the generated desired state trajectory is given by
wa(t) = [2a(t) Za(t) W) +2a(t) (1)

We adopt the following parameter setting: m; =

mo = k‘l = 1, dl = 0.2, d2 = 0.1, ]{;2 =
ks = 04, ¢ = 0.1, ¢ = 0.05, A4 = 0.15 and
w = 2m. The LMIs (8) are solved, yielding the con-

troller gains K = [1.6088 1.1260 —0.2282 0.1182]
and the LMIs (9) are solved yielding the observer gains
L=[1.1056 15348 0.1027 —0.1653] . Moreover, the

2641



45th IEEE CDC, San Diego, USA, Dec. 13-15, 2006

Tracking, observer errors (on z;)

o 5 10 15 20 25
time

Figure 2: Tracking error and observer error.

-0.001 — Z2
0.15] S =
& F o N (e 1
IS % -0009
) o
7] S —0.004
<
g ~0.005|
=
0,006
[=1 =]
=] 5 ~0.007|
p= Z
A 2 ~0.008]
7 o
e} A -0.009)
=¥ ~
150 152 154 156 156 160
time

50

Figure 4: Steady-state
behaviour
and 7);.

Figure 3: Position z> and desired of 2o

position 71 of mass ma.

LMIs (17) are checked to be feasible for (21), (22). Finally,
the feedforward is designed as:

ue(t) — k(i +¢1) if 1 < —¢

upr(t) = q uelt) if co>m >—c1 (23)
ue(t) — k(N —c2) if 1 > co
with u.(t) = —myAgw? sin(wt) — da (2 — Agw cos(wt)).

Herewith, all conditions of Theorem 3 are satisfied and
asymptotic tracking of the desired trajectory is guaranteed,
while all other states remain bounded. In Figure 2, the
tracking error and observer error are ;}lotted for the initial
condition: @(0) = [0.25 0 0 0]  for the controlled

system, &(0) = 0 for the observer and 7(0) = [0.2 O]T for
the trajectory generator. Clearly, asymptotic output tracking
is achieved. In Figure 3, the position zo of mass mg is
depicted along with the corresponding desired trajectory
71 (t) generated by the trajectory generator. Note that indeed
zo asymptotically tracks 7j; (¢) and that it remains bounded.
Moreover, note that due to the fact that the trajectory
generator (21), (22) is uniformly convergent, with periodic
inputs z4(t) and Z4(t), the desired trajectory 7j;(t) is also
periodic in steady state with period time 27 /w(= 1) [17],
see Figure 4. The latter property adds predictability to the
behaviour of the tracking dynamics of the system, while
asymptotic tracking of the system is attained.

VI. CONCLUSIONS

In this paper, the tracking problem for continuous PWA
systems with an arbitrary number of polyhedral cells is
addressed. It is shown that due to the switching nature of
these systems conventional strategies for tracking, which are
commonly based on stabilising the tracking error dynamics,
lead to highly complex stabilisation problems.

The tracking control design proposed here is based on the
idea of, on the one hand, rendering the system convergent by

ThA08.6

means of feedback (which makes all its solutions converge
to each other) and, on the other hand, guaranteeing that the
closed-loop system has a bounded solution corresponding
to zero tracking error. This implies that all solutions of
the closed-loop system converge to this bounded solution
with zero tracking error. Using this synthesis approach, we
presented a solution to the state tracking problem for general
continuous PWA systems and the output tracking problem for
a class of single-input-single-output PWA systems.

The effectiveness of the results is illustrated by application
to a mechanical system with one-sided restoring character-
istics and backlash.
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