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Abstract—Research on the nonlinear output regulation problem
is mainly focused on theoretical developments and studies on sim-
ulation level. In this brief, we present experimental results on the
local output regulation problem for a nonlinear benchmark me-
chanical system, the so-called translational oscillator with a rota-
tional actuator system. The presented results show the effective-
ness of the nonlinear output regulation theory in practice. As fol-
lows from the conducted experiments, issues such as the conver-
gence rate, stability, and performance robustness with respect to
(non) parametric uncertainties, the size of the region of attraction,
and actuator saturation should be accounted for in tuning the con-
troller gains. This design problem has not been addressed in the
existing literature on the nonlinear output regulation problem and
it, therefore, raises a new direction for research crucial to the fu-
ture application of output regulation theory in practice.

Index Terms—Disturbance rejection, experimental output regu-
lation, nonlinear mechanical systems, output regulation, transla-
tional oscillator with a rotational actuator (TORA) system.

I. INTRODUCTION

THE OUTPUT regulation problem is one of the most
important problems in control theory. It includes the prob-

lems of tracking reference signals and rejecting disturbances
generated by an external autonomous system (exosystem). For
linear systems, this problem was thoroughly investigated in the
1970s, see, e.g., [1] and [2]. For nonlinear systems, intensive re-
search on the output regulation problem started with [3] and [4],
which provided solutions to the local output regulation problem
for general nonlinear systems. These papers were followed by
a number of results dealing with different aspects of the output
regulation problem for nonlinear systems: approximate, robust,
and adaptive output regulation. For references on theoretical
developments on the subject, the reader is referred to [5] and
monographs [6]–[9]. For a number of nonlinear mechanical
systems, the output regulation problem has been studied in
[10]–[14] and in the recent monograph [7]. Despite the sig-
nificant interest in this problem, most of the known results
are theoretical with only a few papers aiming at experimental
validation of the proposed solutions [15], [16]. In [15], the
output regulation theory for nonlinear systems has been applied
to the problem of fault tolerant control of induction motors.
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For mechanical systems, to the best of our knowledge, there
is only one paper [16] describing an experimental setup for
testing controllers for the nonlinear output regulation problem.
Yet, that paper contains experimental results only for the case
of controllers designed on the basis of a linearized model of
the system. Experiments with controllers designed on the basis
of the nonlinear output regulation theory (which dominate
in recent publications) are still missing in the literature. This
fact motivates our studies in experimental output regulation of
nonlinear systems.

This brief aims to fill in the gap between theory and ex-
periments in the field of output regulation for nonlinear sys-
tems. We present results on experimental output regulation for
the so-called translational oscillator with a rotational actuator
(TORA) system. This system is a nonlinear benchmark mechan-
ical system used for testing many nonlinear control techniques,
see, e.g., [17]–[19]. On a theoretical level, the local output reg-
ulation problem for the TORA system has been previously con-
sidered in [12], [20], and [21].

The reason for the experimental study presented in this brief
is twofold. The first reason is to check whether the controllers
from the nonlinear output regulation theory are applicable in an
experimental setting in the presence of disturbances and mod-
eling uncertainties, which are inevitable in practice. The second
reason is to identify problems or difficulties that arise at the stage
of application of output regulation controllers. These practical
problems, not being fully investigated in the existing theory,
give rise to future research directions in the theory on the non-
linear output regulation problem. As such, the results presented
in this brief should be considered as the first steps in experi-
mental output regulation for nonlinear systems.

This brief is organized as follows. In Section II, we de-
scribe the TORA system and state a local disturbance rejection
problem for this system. This problem is a particular case of
the local nonlinear output regulation problem. In Section III,
a controller solving this disturbance rejection problem is pre-
sented. The experimental setup is described in Section IV.
In Section V, we present and discuss experimental results.
Section VI contains the conclusion. This brief is an extended
variant of [22].

II. OUTPUT REGULATION OF THE TORA SYSTEM

Consider the so-called TORA-system, which is shown in
Fig. 1. This system consists of a cart of mass that is attached
to a wall with a spring of stiffness . The cart is excited by a
disturbance force . In the center of the cart there is a rotating
arm of mass . The center of mass of the arm CM is located at a
distance from the rotational axis and the arm has an inertia
with respect to this axis. The arm is actuated by a control torque

. The cart and the arm move in the horizontal plane and,
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Fig. 1. TORA system.

therefore, gravity effects are omitted. The horizontal displace-
ment of the cart is denoted by and the angular displacement
of the arm is denoted by .

The control problem is to find a control law for the torque
such that the horizontal displacement tends to zero in presence
of a harmonic disturbance force . The frequency of the dis-
turbance force is known in advance and can be used in the con-
troller design, while the amplitude and phase of may vary.
This is a particular case of the local output regulation problem,
see, e.g., [6] and [23].

Historically, the output regulation problem was mostly con-
sidered for the case of harmonic excitations. From the practical
point of view, this can be justified by the fact that in many prob-
lems disturbances may have several dominating harmonics. In
addition to that, it is common in engineering practice to first con-
sider the case of harmonic disturbances before reverting to gen-
eral (e.g., stochastic) disturbance models. Disturbances in prac-
tice mostly have several dominating harmonics. A variant of the
previously stated disturbance rejection problem for the case of a
disturbance with multiple, but finite number of harmonics, even
though these harmonics may be commensurate, does not pose
additional difficulties in the controller design. Yet considering
such a case would add extra technicalities. To avoid these un-
necessary technicalities, we consider the disturbance rejection
problem for the case of the disturbance with one harmonic.

In Section III, we design a controller solving the previously
stated disturbance rejection problem locally, i.e., for sufficiently
small initial conditions , , , and and for distur-
bances with sufficiently small amplitudes. This controller will
be designed based on the theory of local output regulation for
nonlinear systems. In this approach, the region of initial con-
ditions and the magnitude of the admissible disturbances for
which output regulation is attained depends on the chosen con-
troller and, in general, cannot be set in advance. When a con-
troller solving the local output regulation problem is found, the
region of admissible initial conditions and the magnitude of the
admissible disturbances can be estimated, see, e.g., [20]. Since
in this brief we focus on experimental validation of output reg-
ulation controllers, we will not address this estimation problem.

III. CONTROLLER DESIGN FOR THE TORA SYSTEM

In this section, we design a simple controller for the distur-
bance rejection problem considered in Section II. The equations
of motion for the TORA system are given by [17]

(1)

where . The disturbance force is generated by
the linear exosystem

(2)

where

and is the oscillation frequency. The initial conditions of the
exosystem (2) determine the amplitude and phase of the exci-
tation. The control problem is to asymptotically regulate
to zero for all sufficiently small initial conditions of the closed-
loop system and for all sufficiently small initial conditions of the
exosystem and at the same time to guarantee that for
the closed-loop system has an asymptotically stable lineariza-
tion at the origin. For simplicity, in this experimental study, we
will deal only with state-feedback controllers solving this local
output regulation problem. For this reason, it is assumed that
, , , , , and are measured and all parameters of the

system are known. Notice that this output regulation problem
also admits a solution for the case of only available for mea-
surements, see, e.g., [12]. Yet such an output feedback controller
would add more complexity and make the experimental analysis
presented in this brief less transparent.

In order to solve this output regulation problem we, first,
rewrite system (1) in the following form:

(3)

where is the state of system (1) and

and . Notice that since and
, we obtain for all .

Following [3] and [6], we seek a controller solving the local
output regulation problem in the form

(4)

where the matrix is such that for the
closed-loop system (3) and (4) has an asymptoti-
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cally stable linearization at the origin. The mappings
and , with

and , are mappings which are defined in
a neighborhood of the origin and satisfy the so-called
regulator equations [3], [6]

(5)

The solutions to the regulator equations have the following
meaning. For any sufficiently small solution of the exosystem

, for the disturbance force and controller
action , the function is a so-
lution of system (3) [or, equivalently, of system (1)] and along
this solution the displacement equals zero. By substitution,
one can easily check that the mappings

(6)

(7)

(8)

satisfy the regulator equations.
The requirement on the matrix is equivalent to the require-

ment that is a Hurwitz matrix, where the matrices

follow from the linearization of system (3) at the origin with
and viewed as input. One can easily check that the

inequality , which is satisfied, implies controlla-
bility of the pair . Hence, we can always choose a matrix

such that is Hurwitz. As follows from [3] and [6],
controller (4) solves the local output regulation problem. This
controller admits some freedom in the choice of the matrix .
This freedom can be used, for example, in tuning the controller
to obtain desirable performance and robustness properties of the
closed-loop system. Controller (4) is implemented in the exper-
imental setup described in Section IV.

IV. EXPERIMENTAL SETUP

The experimental setup has been constructed by adapting an
existing – positioning system (the -bridge setup) in the
Dynamics and Control Technology Laboratory, Eindhoven Uni-
versity of Technology. The setup is shown in Fig. 2.

A. Setup Description

The adapted -bridge setup is schematically shown in Fig. 3.
It consists of the following components. The two parallel axes

Fig. 2. Adapted H-bridge setup.

Fig. 3. Adapted H-bridge setup scheme (top view).

and are equipped with linear magnetic motor systems
LiMMS and LiMMS that can move along their axes.
These two carriages support the -axis. Along the -axis
moves the X-LiMMS carriage, which we will refer to as the
cart. In all experiments that are performed on this setup, the

and carriages are controlled to maintain a fixed posi-
tion with a low-level proportional–integral–differential (PID)
controller. The bandwidth of this controller is chosen such that
the closed-loop dynamics of the and carriages does not
affect the low-frequency dynamics of the cart motion along the

-axis. This motion is of primary interest in the experiments
performed on the setup. Therefore, in the sequel, we assume
that the and carriages stand still, i.e., the -axis is fixed.

The mass of the cart moving along the -axis is [kg].
The displacement of the cart [m] is measured using a linear
incremental encoder with a 1- m resolution. The force applied
to the cart by the linear motor is proportional to the voltage
control signal which is fed to the linear motor through a
proportional amplifier, i.e., . The constant has
the value of 74.4 N/V ([24]). In addition to the actuating force,
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Fig. 4. AdaptedH-bridge setup: rear view and connection scheme.

a friction force is present in the roller bearings of
the cart. This friction force consists of the Coulomb and viscous
friction forces and, therefore, depends on the cart velocity .
Moreover, there is a position dependent cogging force

. This cogging force is caused by the interaction of the
permanent magnets in the -axis stator base and the iron-core
coils of the electromagnets in the cart (see [24] for details). We
assume that the friction force depends only on the cart velocity,
i.e., , and the cogging force depends only on the
position of the cart, i.e., . This assumption, although
being a simplification of reality, helps us with dealing with these
two forces.

In order to transform the -bridge into a TORA system, addi-
tional hardware has been added to the cart, see Fig. 4. A vertical
shaft supported by a set of deep-groove and angular contact ball
bearings is attached to the back of the cart, thus, forming a ro-
tational joint. An arm of mass kg is attached to the lower end
of the shaft. The center of mass of the arm is located at the dis-
tance m from the shaft center line. A 48-V, 150-W dc motor
(Maxon RE40), fitted with a ceramic planetary gearhead, with
the gear ratio , drives the shaft via an adapted flexible
coupling. The angular position of the motor shaft is measured
by a rotational incremental encoder with a quadrature decoded
resolution of 0.18 . Taking into account the gear ratio, this re-
sults in an approximate resolution 0.0016 of the angular posi-
tion of the rotating arm. The total inertia of all rotating parts
(the arm, shaft, coupling, bearings, gearhead, and motor) with
respect to the shaft is kg m . Due to the friction in the motor,
gearhead, and ball bearings of the shaft, an additional friction
torque acts on the arm. This friction torque consists
of the Coulomb friction torque and the viscous friction torque
and, therefore, it depends on the angular velocity . The assump-
tion that the friction torque depends only on the angular velocity
is a simplification of reality, since, the friction in the gearhead
also depends on the torque. The torque generated by the dc

Fig. 5. Identified cogging force F (e).

motor is proportional to the current A fed to the motor, i.e.,
, where mN m/A is the motor constant.

The current is generated by an analog current amplifier. It is
proportional to the voltage control signal fed to the amplifier,
i.e., , where A/V is the amplifier constant.
The dynamics of the motor and the amplifier are much faster
than the dynamics of the mechanical part of the setup, which
are predominantly low-frequent in the performed experiments.
Therefore, in our experiments, the motor and the amplifier dy-
namics can be neglected and we can assume that there is a static
relation between the voltage control signal and the motor
torque , i.e., .

Taking into account all the active forces and torques, we use
the equations of Lagrange for the setup consisting of the cart
moving along the fixed -axis and the (horizontally) rotating
arm attached to the cart. The corresponding model has the fol-
lowing form:

(9)

where , the actuator force acting on the cart equals
and the actuator torque acting on the arm equals

, where and are the actuating signals for
the cart and for the arm, respectively.

The cogging force and the friction force have
been identified using dedicated experiments [24], see Figs. 5
and 6, respectively. The friction torque has been identi-
fied using constant angular velocity tests. The resulting graph is
given in Fig. 7.

Initial estimates of the inertia and the product are com-
puted from the computer-aided design (CAD) drawings, mate-
rial data, and specifications of the motor and gearhead. These
estimates are kg m and kg m.
The estimate of the cart mass 20.965 kg is obtained by
weighing additional hardware mounted on the cart and summing
this mass with the mass of the cart itself (which is not detach-
able from the setup and cannot be weighed) identified in [24].
These estimates will be used as a starting point to obtain more
accurate estimates based on closed-loop experiments.
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Fig. 6. Identified friction force F ( _e).

Fig. 7. Identified friction torque T ( _�).

In order to implement the TORA system in the resulting
setup, we need to compensate for the friction in the cart and the
arm and for the cogging force in the -axis. Moreover, we need
to implement the virtual spring action and the disturbance
force along the -axis. For the cart, this is achieved by the
controller

(10)

where and are the friction compensation and
cogging compensation forces (based on the identified values of
these forces, see Figs. 5 and 6), N/m is the stiffness of the
virtual spring (which we can set arbitrarily) and
is the disturbance force acting on the cart. In the experiments
performed on the setup, the parameter is set equal to
500 N/m. The exosystem (2), with , is
integrated in the PC/dSpace-system and the disturbance force

is computed from the obtained solutions.

Next, we need to implement friction compensation in the ro-
tating arm. This is achieved by the controller

(11)

where is the friction compensation torque based on the
identified friction torque in the arm, see Fig. 7, and is a new
control input.

After implementing the low-level controllers (10), (11), and
the exosystem (2), the resulting system takes the form

(12)

where is the disturbance force, is the control torque (new
input), and and are the residual terms due to nonexact
friction and cogging compensation and due to uncertainties in
the system parameters. System (12) is now in the form of system
(1) (if the residual terms are not taken into account), for which
the controller (4) solves the local output regulation problem.
This controller requires the values for and , which are mea-
sured by the encoders, and , which are obtained by numer-
ical differentiation and filtering of the measured signals and ,
and the values of and , which are computed in the
dSpace-system.

A more detailed description of the experimental setup can be
found in [25].

V. EXPERIMENTS

In this section, we present experimental results performed on
the adapted -bridge setup in closed loop with the controller
(4).

A. Parameter Settings

The gain matrix in controller (4) is set to
. The eigenvalues of the linearized

closed-loop system corresponding to this and to the initial
estimates of the system parameters given in the previous section
equal and . The choice
of the matrix is determined by several requirements. The
first and the third entries in the matrix , which correspond to
the displacement of the cart and angular position of the arm

must be large enough to compensate for the residual friction
and backlash present in the system. At the same time, the real
part of the eigenvalues of the linearized closed-loop system
must be less than a certain threshold in order to guarantee
fast convergence rates and sufficient robustness properties of
the closed-loop system. In theory, for any matrix such that

is Hurwitz, controller (4) solves the output regu-
lation problem in some neighborhood of the origin, i.e., for
initial conditions of the closed-loop system and the exosystem
being small enough. This neighborhood of admissible initial
conditions essentially depends on the choice of . Thus, our
choice of the matrix must be such that the resulting set of
admissible initial conditions is relatively large in order to test
this controller in experiments (the problem of estimating this
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neighborhood of admissible initial conditions for a system in
closed loop with a controller solving the local output regulation
problem has been considered in [20], [26], and [27]). Finally,
the control signal resulting from the controller with this matrix

must not exceed, in most operating conditions, the bounds
imposed by the amplifier and dc motor specifications. Taking
these requirements into account, an optimization weighing the
previously mentioned performance criteria (based on control
engineering judgement) resulted in the matrix presented
before.

In practice, the choice of the gain is crucial for the per-
formance of the output regulation controller within engineering
constraints. At the same time, the problem of tuning the con-
troller gains simultaneously taking into account convergence
rate, performance, and stability robustness with respect to para-
metric and nonparametric uncertainties, the size of the conver-
gence region, and controller saturation has not been considered
in the literature on the output regulation problem for nonlinear
systems so far. Therefore, this problem stimulates a new direc-
tion in future research on the output regulation problem aiming
at the enhancements of the applicability of the output regulation
theory.

The estimates for the parameters and are tuned based on
closed-loop experiments using the output regulation controller
(in order to obtain better performance). The new estimates are

N m (21% smaller than the initial estimate) and
kg m (7% larger than the initial estimate). These

estimates are used in the feedforward part of the output regula-
tion controller in the experiments presented in this brief.

The friction compensation torque in the rotating arm
is set 1.5 times larger than the identified friction torque
given in Fig. 7. Recall that the friction in the gearhead, which is
the main contributor to the friction in the arm motion, depends
not only on the angular velocity , but also on the torque applied
to the shaft. The higher the torque applied to the shaft is, the
larger the friction torque is. Identification of the friction torque
has been performed for very low torques (constant velocity ex-
periments), while in the experiments with the TORA controller
the torques are much higher. Therefore, the friction compensa-
tion torque must be set higher than the identified friction torque

. The cogging compensation force is set equal to the
identified cogging force presented in Fig. 5. The friction com-
pensation force in the cart motion is set to 90% of the
identified friction force presented in Fig. 6 to avoid over com-
pensation. Moreover, for a cart velocity of magnitude less than
0.035 m/s, it is set to

In case of exact friction compensation, there will always be over
compensation at some velocities due to nonideal friction iden-
tification. Such an over compensation in many cases leads to
friction-induced limit-cycling, see, e.g., [28], which has been
observed in experiments. To avoid this limit-cycling, we opt for
10% friction under compensation. At the same time, friction
under compensation makes the equilibrium set in terms of the
position of the cart larger. In the experiments presented as fol-

TABLE I
INITIAL CONDITIONS e AND � USED IN THE EXPERIMENTS

Fig. 8. Experiments for a disturbance force of amplitude A = 15 N and pre-
defined initial conditions.

lows, this equilibrium set can be easily observed when the cart
sticks in a point , which is close, but not equal to zero.

In the experiments, the frequency of the disturbance force
(the frequency of the exosystem) is set to 1 Hz, which

corresponds to in the exosystem (2) equal to rad/s.
The controller is implemented in the dSpace-system with the

sampling frequency 4 kHz.

B. Experimental Results

All experiments are performed for the initial conditions of the
exosystem equal to , . These initial con-
ditions correspond to the disturbance force .
We perform the experiments for two values of the amplitude :

and 25 N.
Two types of experiments are performed. In the experiments

of the first type, the system starts in a given initial condition
m , 0 m/s, , s. For

each value of the amplitude , we perform three experiments
corresponding to different initial conditions and . These
initial conditions are given in Table I.

The results of the experiments corresponding to the distur-
bance amplitudes and 25 N are presented in Figs. 8
and 9, respectively. In these figures, the controller effort is rep-
resented by the current A fed by the amplifier to the
dc motor.

In the experiments of the second type, the system is affected
once again by a disturbance force of amplitude . Ini-
tially, only the feedback part in the controller (4) is active, i.e.,
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Fig. 9. Experiments for a disturbance force of amplitude A = 25 N and pre-
defined initial conditions.

Fig. 10. Experiments for a disturbance force of amplitude A = 15 N. Distur-
bance compensation is activated during the experiment.

, and there is no compensation for the disturbance
force . Since there is no disturbance compensation, the
cart starts oscillating. At an arbitrary time instant the feed-
forward part of the controller is activated, i.e.,

. This results in disturbance rejection in the posi-
tion of the cart . The results of the experiments corresponding
to the disturbance amplitudes 15 and 25 N are presented
in Figs. 10 and 11, respectively.

From these experimental results, we can immediately draw
the following conclusion. The output regulation controller (4)
does compensate a significant part of the harmonic disturbance

Fig. 11. Experiments for a disturbance force of amplitude A = 25 N. Distur-
bance compensation is activated during the experiment.

Fig. 12. Limit cycling in the cart motion. The disturbance force amplitude is
A = 15 N.

force acting on the cart. The residual friction in the cart motion
manifests itself in the sticking phenomenon: after transients the
cart stabilizes at an equilibrium position which is not equal to
zero.

In Fig. 12, the cart displacement signal related to an experi-
ment, performed at a different time, is depicted. Clearly, exact
output regulation is not attained and a limit cycle of small ampli-
tude remains. In this respect, it should be noted that the friction
characteristics in the setup are subject to change due to temper-
ature and humidity change in the laboratory. However, exactly
the same friction compensation as in the previous experiments
was used. Consequently, the limit cycling can be caused by an
interaction of several factors: friction and friction compensation
in the cart motion, friction and friction compensation in the ro-
tating arm, and feedback controller and backlash in the gear-
head. These problems require an additional investigation which
is outside the scope of our research.

VI. CONCLUSION

In this brief, we have presented experimental results on the
local output regulation problem for the TORA system. First,
we have constructed a simple state-feedback controller which
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solves a disturbance rejection problem for the TORA system.
This problem is a particular case of the local output regulation
problem. In order to validate this controller in experiments, an
experimental setup for the TORA system has been built from
an existing -bridge setup. The proposed state-feedback con-
troller has been implemented in this setup and tested in a row of
experiments.

As follows from the results of these experiments, for the setup
in closed-loop with the proposed controller output regulation
only approximately occurs. This means that the regulated output

does not exactly tend to zero, but either sticks in an equilib-
rium position close to zero, or keeps on oscillating with a small
amplitude. These phenomena are due to nonexact compensation
of the friction and due to the backlash problem in the gearhead of
the rotating arm. At the stage of controller design for the output
regulation problem, these factors have not been taken into ac-
count.

In practice, there is always some type of (non) parametric
uncertainty present in the system. It can be either due to inac-
curately identified parameters of the system or due to friction,
backlash, or other parasitic phenomena acting on the system,
which are not taken into account in the system model. These
uncertainties may significantly reduce the performance of a con-
troller. This performance deterioration may manifest itself, for
example, in a (large) steady-state regulation error, as illustrated
by the experimental results on the TORA system previously pre-
sented. As follows from the experiments on the TORA system
performed for different values of the controller gain (these re-
sults are omitted here due to space limitations) this steady-state
regulation error can be reduced by a proper choice of the gain

. Also, this gain matrix essentially determines the region
of admissible initial conditions for which this local controller
works. Moreover, it determines the rate of convergence for the
closed-loop system. In this brief, the choice of the matrix ,
which takes into account these practically important design is-
sues, is based on control engineering judgement. It should be
noted that the problem of tuning controller parameters in a sys-
tematic way taking into account the previously mentioned de-
sign issues has not been considered in the literature on the output
regulation problem so far. This fact urges the need for further
work in this direction.

The results presented in this brief are the first steps in the field
of experimental output regulation for nonlinear systems. Even
with the ad hoc tuning of the controller gains and with many
uncertainties present in the system, these results show relatively
good performance of the closed-loop system. These successful
experiments indicate that the output regulation theory can be
successfully applied in experiments. Further work is under way
to implement an output-feedback controller for the disturbance
rejection problem considered in this brief and to reduce the
sticking and limit cycling phenomena caused by friction and
backlash.
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