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Abstract occurrence of an instability phenomenon called regen-

The efficiency of the high speed milling process is of- erative chatter. Chatter results in heavy vibrations of
ten limited by chatter. In order to predict the occurrence the tool causing an inferior workpiece surface quality,
of chatter, accurate models are necessary. In most mod+apid tool wear and noise.
els regarding milling, the cutter is assumed to follow a Research regarding regenerative chatter started in
circular tooth path. However, the real tool path is tro- the late 1950's with (Tlusty and Polacek, 1963) and
choidal in an ideal case, i.e. without vibrations of the (Tobias and Fishwick, 1958). They introduced a stabil-
tool. Therefore, models using a circular tool path lead ity lobes diagram (SLD), which graphically shows the
to errors, especially when the cutting angle is close to stability limit as a function of machining parameters,
0 or 7 radians. An updated model for the milling pro- such as spindle speed and depth of cut. The stability
cess is presented which features an updated model obf the milling process for low immersion cutting was
the undeformed chip thickness and a time-periodic de- investigated recently in (Davies al., 2002; Insperger
lay. Furthermore, the stability of the milling system, and Sepan, 2004; Szalaiet al., 2004). They focussed
and hence the occurrence of chatter, is investigated uson the impact behaviour of the tool hitting the work-
ing the traditional and the new model by means of the piece for a small period of time.
semi-discretization method. Especially for low immer- |, most models regarding milling, see e.g. (Insperger

sion cuts, the stability lobes diagram (SLD) using the & 5 2003; Altintas, 2000), the tooth path is modelled
updated model shows significant differences compareds 5 circular arc. We will call this tooth path model the

to the SLD using the traditional model. traditional model in this paper. Using this model, the
undeformed chip thickness is approximated by a sinu-

Key words soid. However, the path of a milling cutter is trochoidal
ngh-speed mllllng, tlme'delay, Stablllty, Chlp thick- (Marte”ottl, 1941; Martellotti, 1945), which leads to
ness, tool path, DDE. different equations for the undeformed chip thickness.

More accurate models exist compared to the sinusoidal
approximation (Spiewak, 1994; Spiewak, 1995;¢t
1 Introduction al., 2001), but they are not used widely, because of
High speed milling is used in many sectors of indus- the complex equations involved. However, especially
try. For example in the aerospace manufacturing in- whensin ¢(t) is small (with¢(t) the tooth angle attime
dustry, large parts are made out of a single workpiece t), which is often the case in low immersion cutting,
where 90% of the material is removed. Moreover, in the errors using the traditional model are large. Fur-
the mould making industry high speed milling is used. thermore, using the traditional model it is assumed that
Here, as a rule the radial immersion is low as a result for upmilling the entry angle of the cut i5, = 0 rad
of the complex geometries of the workpiece and the and that the exit angle for downmilling i&. = = rad.
difficult machinability of the workpiece material. The Using a new model for the static chip thickness also
material removal rate in milling is often limited by the shows that the tool enters the cut somewhat sooner and



leaves it somewhat later. Here the constant time delay is given by

For the prediction of chatter in high speed milling, not
only the static chip thickness is important, but also the o
dynamic chip thickness, which is due to the regener- =5 (4)
ative effect. Most often, the dynamic chip thickness
is calculated by subtracting the vibrations at the cur-
rent time u(¢) and the time one tooth passing time
earlier v(t — 7), see e.g. (Altintas, 2000; Szalat
al., 2004; Insperger and &tn, 2004; Altintas and
Budak, 1995). This results in a delay differential equa-
tion (DDE) modelling the milling process. However,
we will show that the delay is not constant, but periodic
when the trochoidal tool path is taken into account.

In this paper, a new model for the milling process
is presented, in which the tool path is described by
a trochoid. Hereto, a new equation describing the
static chip thickness is derived. Furthermore, the de-
lay is modelled as being periodic instead of constant
and new equations for the entry and exit angles are for-
mulated. Using this new model, the stability limit is
found using the semi-discretization method (Insperger
and Sépan, 2004; Insperger and $pan, 2004). Es-
pecially for low immersion cutting, it appears that the

where z is the number of teeth an@ is the spindle
speed in rad/s.

This model assumes a circular tooth path. However,
the real tool path is trochoidal, see figure 1. In this fig-
ure, the chip load is chosen rather unrealistically large
to increase readability of the figure. The tool moves
in the feed direction:. The meaning of the points de-
fined in the figure are shown in table 1. In figure 2, the
circular tool path approximation is shown.

star(t) "gTabIe 1. Positions of
.\ points of figure 1.

TFhasa (N TBoint Position

stability lobes change drastically using the new model oz ' €2 i3 Co gc(t =0)
compared with the lobes generated using the traditional _ ¢» - C1 p(t—m(D)
model. Yoo C2 p.(t)

The paper is organized as follows: in section 2, the /=0 N0 M p,(t

new equations describing the undeformed chip thick- A N 51@ — 79(t))
ness, the delay and the entry and exit angles are de- Ly 9] Bl(t —7)

rived and a comparison between different models is
provided. In section 3, the stability of the new and Figure 1: The tooth path
the traditional model is investigated using the semi- of a mill with three teeth.
discretization method and discussed in terms of the im-

plication for the milling process in section 4. Finally,

conclusions are drawn in section 5.

2 Modelling the milling process

The undeformed chip thickness is the sum of the static
chip thickness; «.:(t) and the dynamic chip thickness
hj.ayn(t). The static chip thickness is the chip thickness
if no vibrations of the cutter would occur and the dy-
namic chip thickness is the part which is a result of the

vibrations of the cultter: N v
¢p) N
y
hj(t) = hjstat(t) + hjayn(t)- @ j-
_ Jj=1
For a 2-dimensional case, the static chip thickness is =0

often modelled b
Y Figure 2: The circular tooth path approximation of a

mill with three teeth.

hjstat(t) = fsin¢;(t), (2)

whereh; eat () is the undeformed chip thickness if no  The delayr; (¢) is defined as the delay that is involved
vibrations of the cutter occutf. is the chip load and  when calculating the chip thickness that togttre-
¢;(t) is the angle of tootly at ime¢. The dynamic  moves at timet. In figure 1,7, is the difference be-

chip thickness is often modelled by tween the time when tooth 2 was at poitand tooth
1 was at pointNV. Here, the index 2 refers to tooth 2,
hjayn(t) = [sin¢;(t) cos ¢;(t)] (v(t) —v(t —7)). since this delay is involved when calculating the dy-

3) namic chip thickness experienced by tooth 2 at time



The centre of the cutter at tintds at positionC2. At
timet— 7o, the centre is at positiofi1. Note that when
applying (3) with a constant delay, the vibrations at
point O are subtracted from the vibrations at paolvit

However, the dynamic chip thickness is described by

the subtraction of the vibrations at point from the
vibrations of pointM .

In the sequel, an equation for the static chip thickness

is derived for the case of a trochoidal tool path. By

doing so, also an expression for the delay is obtained,
which can be used to calculate the dynamic chip thick-
ness in a later stage. It should be noted that the vi-

the chip thickness can be expressed as

rcos ¢;(t) — rcos (qﬁj (t—7) + 0)
cos ¢;(t)
= hy.

hj,stat (t) =

A
cos ¢;(t)

(11)

Similarly, by equating (6) to (7) in-direction and gen-
eralizing for an arbitrary tootl, another expression for

brations of the cutter are assumed zero for deriving the the chip thickness is found

delay. When vibrations of the tool are taken into ac-
count, pointsM and N move as a result of these vi-

brations. Hence, also the delay changes and becomes
state-dependent. However, for the sake of simplicity,

this is not taken into account here.
The position of a poingj(t) on the tip of tooth; at

time t can be described as the sum of the position of :=

the centre of the cutter (t) = [L2¢(t) 0]" attime
t and the position of the tip relative to this centre. With

p; = [Pz_j pyj]T’ this gives

—p (1) + [T sin %(t)]

7 cos ¢;(t)

_ [J;z;¢0(t) + rsin ¢, (t)}
rcos ¢;(t) ’

]—Qj (t> R

®)

with r the radius of the tool. Here a constant spindle
speed? and feed per tootlf, are assumed.

Point NV in figure 1 can be described as the position of
tooth 1 attimet — 2 (¢).

p, (t -T2 (t))

[ n0) 4 ranar(e— i) @
rcos b (t — (1)) '

Jj,stat (t)

B J;z; Q7 (t) + rsing,(t) — rsin(¢j (t — Tj(t)) + 9)
B sin ¢ (t)
B
sing;(t) .
(12)

Now, (11) and (12) can be used to express the chip
thickness. However, if the denominator of any of these
equations approaches zero, the equation tendsxo
Therefore, it will be shown that both equations can be
combined to obtain a single equation for the chip thick-
ness that can always be used. Before this expression for
the chip thickness can be formulated, first an expres-
sion for the time-varying delay should be derived.

2.1 Timedeay
Settingh; stat(t) = hy = hy, and using (11) and (12)
gives:

A J—
cosg;(t)

B
sin ¢;(t)

= Bcos¢;(t) = Asin ¢, (t).
(13)

However, it can also be defined as the position of tooth Substitution of (11), (12), (4) and (9) in (13) and apply-

2 at timet for a tool radius of- — ha sat(%).

_ [E2¢0(t) + (r — hosae(t)) sin ga(t)
&N*{Q (r — hastat(t)) cos da(t) }

Equating (6) to (7) iny-direction and generalizing for
an arbitrary toothy gives

rcos 1 (t—7;(t)) = (r—hjsat(t)) cos g;(t). (8)

After substitution of

, 2w
() = po(t) — jo = Qt — j—, ©)
with 6 the angle between two subsequent teeth
0= o 7Q, (10)

z

ing trigonometric relations yields

fz:z(t) cos ¢;(t) + TSiD(Q () — f')) =0. (14)

The time-varying delay can be regarded as the sum of
the constant tooth passing time delayand a small
time-periodic functiordr; (t).

Tj(t) :72—5—(57']‘(75), (15)

with §7;(t+7) = d7;_1(¢). Substitution of (15) in (14)
gives

f-cos¢; (t)—i—MéTj (t)+rsin(Qd7;(t)) = 0.
! (16)



Since Q47;(t) < 1, truncation of the Taylor's series
expansion ofsin(Q47;(t)) after the first-order term
yieldssin (Q67;(t)) ~ Qd7;(t). Using this approxima-
tion in (16) gives an expression f6r; (¢):

7f. cos ¢;(t)
 f.cos ¢;(t) + Q7

57i(t) = (17)

The time-varying delay can now be expressed by sub-

stituting (10) and (17) in (15) and rearranging terms as

70r

= Focosgy(0) 1 07 (18)

7(t)

2.2 Chip thickness
Since the time-varying delay is now known, an ex-

pression for the chip thickness can be derived. The
chip thickness can be expressed either by (11) or (12).
However, both expressions can not be used when the
denominator becomes zero. Therefore, by adding these

two expressions with an appropriate weighting function
an appropriate expression is found:
hj,stat(t) = hy, sin2 ¢j (t) + hy cos? (bj (t), (19)
which holds, sincesin® ¢;(t) + cos?¢;(t) = 1 and
hjstat(t) = hy = hy. Substitution of (11) and (12)
in (19) and applying trigonometric relations and subse-
guently using (9) and (4) yields
/= O sin 6.
Z7(t)singy (1),
(20)
Substitution of (18) in (20) and rearranging terms gives
an expression for the static chip thickness

hjstat(t) = 7 —1cos(Qr;(t) — 0) +

0f. cos¢;(t)
frcos¢;(t) + 07’)

f20r i
" (fz c0s 65 (0) 1 9r> sin gy (t)-

hjstat(t) = 7 — 7 cos <
(21)

If the time-varying delay is not considered, i.e.

7;(t) :== 7, expression (21) equals equation (2).

2.3 Start and exit angles
For a full immersion cut, the start angle is usually de-
fined as¢; = 0 rad and the exit angle a. = = rad.

Using (9) this can also be expressed as

rcos ¢;(t) — rcos(¢;(t) — Qr;(t) + 0)
cos ¢;(t)

—0. (23)

This is true if the numerator is zero. This gives two
possible solutions of (23):

— QOr;(t) + 6 = 2k,
¢j(t) = Qrj(t) + 60 = —o;(t) + 2k,

(24)
(25)

with k = 0,1,2,.... Substituting (18) in (24) and rear-
ranging terms gives

6f. cosp;(t)
= = 9kn. 26
f2cos¢;(t) +0r i (26)
This does not lead to angles close to Graadians (e.g.
= 0.5 is a solution). Substituting (18) in (25) and
rearranging terms gives

¢

0f. cos ;(t)

focoso;(t) + 0r —20,(t) + 2k

(27)

This equation can not be solved analytically. Therefore,
equation (27) is approximated using Taylor’s series.

For a full immersion cut, the entry angle can be de-
scribed byg, = 0+ §¢, = d¢s. Applying Taylor's
series(cos d¢s ~ 1) to equation (27), fokk = 0, the
entry anglep, can be approximated by

0f-

s = 0ps = *m-

(28)

For a fullimmersion cut, the exit angle can be described
by ¢ = ¢;(t) = m + d¢.. Applying Taylor’s series,
(cos(m + d¢.) =~ —1) to equation (27), fok = 1, the
exit angleg. can be approximated by

0f-

or)

¢e:7r+6¢e%ﬂ—_2(f277-

(29)

2.4 Reaultsof thetool path model

In the new model, in contrast with the traditional
model (2), the static chip thickness is described by (21).
The delay which is traditionally assumed constant is
updated using the periodic function (18). Finally, the

However, the tool enters the cut somewhat earlier €ntry and exit angles are described by (28) and (29),

(i.e. s < 0) and leaves the cut somewhat later (i.e.
¢ > m). This can be shown using the definition of the
chip thickness of equation (11). At the start and exit
angles the chip thickness is zero, which gives

7 cos ¢;(t) — rcos (qu (t—7() + 0)
cos ¢;(t)

=0.
(22)

hy

respectively.

For verification purposes, the approximative model
for the chip thickness (21) is compared to the chip
thickness computed numerically using an optimization
function. For this numerical computation, first the de-
lay is computed numerically by minimizing the ab-
solute value of the left hand side of (14) via a con-
strained optimization function with the boundary con-
dition0.757 < 7;(t) < 1.257. This delay is substituted



in (20) to calculate the chip thickness. The resulting 10 , ,
chip thickness is compared to the chip thickness us- _ Hgﬂém,?t?e'
ing the circular tooth path of equation (2), the new = hle?;/?rjmbdel
model, and the models of (Martellotti, 1941) and (Li

et al., 2001). In (Martellotti, 1941) the chip thickness

Relative error [%]
I
1

is approximated by o= R \
\|
: 2 £2 coa -5 :
hjstat(t) =7+ f.sin(o;(t)) — \/r — f2cos? ¢;(t). |
(30) !
In (Li et al., 2001) the chip thickness is approximated -10, 02 0z 08 o8 1
by 6; [(x) rad]
) Figure 4: Relative error in chip thickness as a function
hyam(t) =7 (1= 1= 2f.sing;(t) of rotation angle for various models;= 5 mm, z = 2,
” T+ % cos ¢;(t) f» = 0.2 mm/tooth.
1/2

f2 c0s26,(t) n f2 sin ¢ (¢) cos? 5 (1) the chip thickness is small, the relative error becomes
(T + 5 cos ¢ (t))Q (r + 2 cos ¢ (t))3 very large for both the traditional model and the model
of Martellotti. For the new model and the model of Li
(31) et al. the errors are rather small. The drawback of the
model by (Liet al., 2001) is that is does not give an
In figure 3 the chip thickness is shown for= 5 mm expression for the delay.
and z = 2 and a rather unrealistic chip loafl = The start and exit angles according to (28) and (29)
2 mm/tooth. This value is chosen to magnify the dif- are shown in figure 5 for the case whefe =
ferences between the various models for visualization 0.2 mm/tooth. The results of the various models,

purposes. The new model and the model oétlal. fit shown in figure 3, are also treated in this figure. The
1 — 001 0.01
= .
- 0.8 % 0005 ©{0.005
S 0.6 ’ ‘:i
= . Optimization = a5 o 2 0 1 1.005
% 04 __ Jrad. model 65 [(x7) rad] 10 ge [(x) rad]
= - Lietal.
0.2 — New model Figure 5: Entry (left) and exit (right) angles. The values
from (28) and (29) are plotted as circles;= 5 mm,
0

o o2 o2 08 08 1 z =2, f. = 0.2 mm/tooth. For legend, see figure 3.
¢; [(xm) rad]
Figure 3: Chip thickness as a function of rotation an- ) )
gle for various modelsy = 5 mm, z = 2, f, = expressions that are found for the entry and exit angles
2 mm/tooth. match very well with the angles where the chip thick-

ness of the new model is zero.

The delay expressed by equation (18) is compared to
the numerical results very well. It can be seen that the the delay calculated numerically using the optimization
chip thickness function does not have a symmetry axis function. The results can be seen in figure 6. Results of
at¢ = 0.5m. However, the model of Martellotti and the proposed model fit the numerical results very well.
the traditional model do have this symmetry axis. Fur- For small angles, the delay is smaller than the constant
thermore, the maximum chip thickness is larger than 7. This is the situation shown in figure 1 where pdint
the chip loadf,. according to the numerical results. isthe pointat—7 and pointN the point at—7. When
This is also predicted by the model of &ial. and the cutting, the tooth reaches poitt sooner than poinV
proposed new model, whereas the traditional and theand hence;(t) < 7. If 0.57 < ¢,(t) < ¢., the delay
Martellotti model do not predict this. becomes larger thafi Then pointO’ is reached later

The errors of the chip thickness of the various mod- than pointN’, where the prime symbolizes the new po-
els relative to the numerically computed chip thickness sition of pointsO and V.
are shown in figure 4. Here a more realistic case of The relative error of both the time delay and chip
f- = 0.2 mm/tooth is taken. Herein, the differences be- thickness of the traditional model increases as the chip
tween the models are clearly visible. Especially when thickness becomes smaller. Since the chip thickness is



1.015 ———— lation is used:
« Optimization
101} = ~ Trad. model
— New model 2(t) = Az(t) + Bu(t),

(32)

1.005

m(1)/7 []
1
|
|
1
|
1
|
1
|
1
|
1
|
1
|
|

These equations describe the relation between the input
u of a system (in our case the force that acts on the
mill £) and the outpuy of this system (in our case the
displacement of the mil}).
02 07 oa os 1 Since in the milling equations both the and y-

o [(x) rad] directions are necessary (each with its own dynamics),

) ) . . the state vectors of these two directions are first assem-
Figure 6: Normalized delay as a function of rotation bled in a single state vector as follows:

angle;r = 5mm,z = 2, f, = 0.2 mm/tooth.

0.995

0.99

0.985
0

R s ]
. . . o 2=\ = +
very small in low immersion cutting, it is likely that the Zy 0 Ay |2, 0 B,| |uy

use of the traditional model leads to errors for thistype = Az + Bu,
of cuts. Therefore, in section 3, the stability of milling (33)
. L . Yo C, 0| |z, D, 0| |u,
models using both tooth path models is investigated. In y = =lo cllz + 0 D | lu
the next section, the milling model is presented. Y vl =y vl L
= Cz + Du.

25 Themilling system

A schematic representation of the milling process is
shown in figure 7 and a block diagram of the model is
shown in figure 8.

Using the new tooth path model has consequences for
the blocksCutting andDelay. The force that acts on
the toothj in tangential and radial direction can be de-
scribed by (Faassest al., 2003):

Fy (1) = (K ap hi ()™ + Kie ap) g, (0;(1)),

34
() = ( v ap hj(6)F + Kie ap)gj (¢j(t>)’ 5y

\Q

Mill where0 < zr <1, K¢, K, > 0andK;., K. > 0 are
cutting parameters. The functigp (qu(t)) describes

z whether a tooth is in or out of cut:

v
1; (bs < ¢](t) < ¢e
Workpiece | 9j ((bﬂ (t)) = {0 clse ‘ (35)
ar |
(1) Side eview (2) Top view

After substitution of (1), (3) and (35), and summing for
all teeth, equation (34) can be described in feednd

Figure 7: Schematic representation of the milling pro- S
normaly-direction as

cess.

F(t) =a, z_: 9j <¢J (t)) ((hj,Stat(t)+
j=0

}"y.stat<t)

Cutting }E—(Q{ Machine } u(t) : S |:Kte:|>

hyagn(8) = [sin(65(6)) cos(6;(0)] (u() - wlt = 75(1)))

Figure 8: Block diagram of the milling process. with

. | £ = )
The dynamics of the machine are represented as a Fy(t)
2DOF mass-spring-damper system in figure 7. For rep- — cos ¢;
resenting general linear dynamics, a state-space formu- S= {

—~
|

—~
~
~—
1
(S~
< 8
—~
~~
~—
[E—

t) —sing; (t)}
sing;(t) —cosg;(t)|"



In (Inspergeret al., 2003), it is assumed to be pos- Since
sible to split the displacement(t) into a 7-periodic
displacemeny,,, which can be consider_ed as the_un- H;(t+7)Cz(t +7 —(t + 7)) =
perturbed tool motion when no self-excited vibrations
arise, and a perturbatian,. The equation describing H; 1 (0)Cz(t = 75-1(1)),
the periodic displacement does not include a delayed
term since the period time is equal to the delay. In equation (39) is periodic with period tinfe
a next step, an equation for the perturbation is con- The choice whether the tool path is modelled as a cir-
structed by subtracting the periodic displacement from cular arc or as a trochoid influences the delay, which
the total displacement. However, in the new model, due is constant for the circular tool path and periodic for
to the time dependent delay, (t) — v, (t—7(t) # the trochoid tool path. Furthermore, the matkx (¢)
0vt. Therefore this term remains in the equation for changes as a result of the different entry and/or exit an-
the periodic displacement and hence in the equation ofgles. However, the structure of the model as presented
the perturbation. Unfortunately, the periodic displace- in equation (40) does not change. Therefore, the semi-
ment is unknown. Therefore, in order to overcome the discretization method can be used for both models.
existence of this delayed term a linear material model,
i.e. xr = 1, is assumed. Then, the forces due to the
perturbation can be described as

(43)

3 Stability

In (Insperger and $fan, 2004) the semi-

Y1 " discretization method is demonstrated for a non-

F,()=a g:(i(t S{ t] sin ; (t) cos ¢; (t) autonomous system with a constant delay. In
() pj;) 3(95(0) K, [ (1) (0] (Insperger and $fan, 2004) the method was demon-

strated for an autonomous system with a periodic

(ﬂu(t) —u,(t - Tj(t))) delay. The milling model presented in section 2 is a
Z—1 non-autonomous system with multiple periodic delays.
=a, Z H;(t) <2u(t) — v, (t— q-(t))), Using the semi-discretization method for this model is
=0 straightforward by combining the two cases mentioned
37) in (Insperger and &pan, 2004) and (Insperger and
Stepan, 2004).
with Whenever a mill is cutting, the tool experiences a dis-

placement. This displacement is periodic with the tooth
passing time* and is a result of the forces acting on the
tool while cutting. In the model, this displacement is a
(38) periodic solution of (33) where the inputis the force
Substitution of (37) as input into (33) and realizing  described by (36). When no chatter occurs, this peri-

r

H,(t) = g;(0(1))S {?] [sin ; (£) cos &5 (2)] -

thatv, (t) = y(t) = Cz(t) (assumindD = 0) gives odic solution is stable and when chatter occurs, it is un-
stable. Therefore, the chatter boundary can be found by
z—1 regarding the stability of this periodic solution, which
2(t) = Az(t) +ap Z BH; (t)C(g(t) —z(t—1j (t))), is assessed by considering the eigenvalues of the mon-
§=0 odromy matrix.
y(t) = Cz(t). The semi-discretization method gives a finite-

(39) dimensional approximation of the monodromy matrix
® over the principal period”. This period is divided

The semi-discretization method (Insperger aréh, in k equal intervals of I_en_gtlzi&t._ The approximation
2004g; Insperger and Bpan, 2004) can be used to de-  ©f the monodromy matrix is defined by
termine the stability properties of systems of the form

a0, = ®4,, (44)
z—1
£(t) = P(=(t) + ]Z:(:) QO(t (), (40)  whereg, is a vector consisting of all the statesbe-
tween the present and delayed time intervals. The pe-
riodic solution is locally stable (unstable) if the eigen-
values of the monodromy matrix, the so-called Floquet
multipliers, are in modulus less (greater) than one.
Stability lobes have been generated using the tradi-
tional tool path model and the model presented in sec-

P(t+T)=P(), Q;(t+T)=Q,),

with T" the period-time of the matricd® andQ,. The
first equation in (39) is written in the form of (40) with

z—1 . . . L. .
_ ‘ tion 2. This has been done by point-by-point investiga-
P(t)=A+ap ZO BH;(t)C, (41) tion of a grid in the parameter space consisting of the
1=

spindle speed and depth of cut,. Herein, the reso-
Q;(t) = —a,BH,(t)C. (42)  |ution of the spindle speed is 50 rpm and the resolution



of the axial depth of cut is 0.25 mm. The dynamics of
the spindle are modelled, in both andy-direction as

a single linear mass-spring-damper system, as shown
in figure 2, where

mi(t) + b 4+ kv = mi + 2mlwo + mw?v.  (45)

The natural frequency of the system is definedtand
the dimensionless damping kjy The parameters used
in the model aren, = m, = 0.02kg,(; = ¢, = 0.05,
wy = wy = 2m - 2198 rad, Ky = 462 N/mm!*tor,
K, = 386 NNmm'*®F gp = 1,r = 5mm, f, =
0.15 mm/tooth,a. = 0.5 mm (=5%) andk = 40. The
cutting parameter®(;, K, are adopted from (Faassen
et al., 2003).

The stability lobes for up- and downmilling are shown
in figure 9.

From this figure, it can be concluded that the differ-
ences between the stability lobes of both models in-
crease if the radial immersion decreases. The error in
the delay, as shown in figure 6, is the largest when the
angle is close td or = radians. Therefore, for a low
immersion cut this error has a relatively large effect on
the stability. Furthermore, the small difference in the
entry and or exit angles shown in figure 5 has a rela-
tively large effect for low immersion levels.

It can be seen that for the upmilling case, the peak of
the stability lobes moves to the lower left if the new
model is used instead of the traditional model. For the
downmilling case, the peak moves to the lower right.
The differences between up- and downmilling are rel-
atively small for the traditional model. However, the
differences in the new model are quite large, because
the peaks move away from each other.

4 Discussion

When a stability lobe diagram is available in practice,
most probably, a point beneath the lobe will be cho-
sen at a certain distance from the stability border at
a spindle speed where a peak in the SLD occurs. If
the actual stability limit is shifted downward compared
to the predicted limit, the chosen point may very well
still be stable, since a certain safety margin was taken
into account. However, a shift in the position of the
lobes to the left or to the right may very well cause
drastic changes in the stability of the chosen working
point. If for example, for the mentioned parameter
set and 5% immersion, the working point is chosen at
21550 rpm and,, = 66 mm, the process is predicted to
be stable in both up- and downmilling for the traditional
model according to figure 9(4). At this spindle speed,
the depth of cut can be increased with almost 20 mm.
Therefore, the stability lobes can shift downwards with

20 mm, before the limit of stability is reached. How- Figure 9: Stability lobes for up- and downmilling using
ever, when the same point is chosen for the trochoidal the traditional and the new model for several immersion
model according to figure 9(4), it is unstable for both |evels.

up- and downmilling.
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In order to explain the reason for the shift of the sta- — >

bility lobes using the new model, this model is ana- /W/fb
lyzed further. The use of the new model results in P .
three changes in the model compared to the traditional
model. First, the static chip thickness takes a dif- €, N=3

ferent shape as shown in figure 3. Next, the delay /\E/\/\/\ﬁ > fi

becomes a periodic function. Finally, the entry and .

exit angles change depending on whether we consider n="7

up- or downmilling. For a linear material model (i.e. | € N =

xr = 1), only the latter two changes influence the sta- : ¥
bility lobes. It is possible to retrieve the stability lobes W/
while only one of these changes is taken into account. ) To=T>71

Of course, this temporary model is not representing an Figure 11: Effect of the frequency changie— f» and
actual milling case, but is can be used to investigate the, delay change, —  on the fraction of waves,
effects of these changes on the stability. For these mod-,,

els, the mentioned parameter set is chosen with a 5%
immersion rate. First, the periodic delay is taken into
account while the rest of the model is equal to the tra- of these waves decreases as is shown in figure 12. At
ditional model. The stability lobe for the downmilling the peak of a lobe, a jump is made to a wave whéiie

case is shown in figure 10(1). As can be seen, the lobedecreased by one, e.g. the number of waves goes from
moves to the right. If the delay is taken constant while 3.2 to 2.8.
the exit angle is changed according to the new model,

the stability lobes move downwards as is shown in fig-

ure 10(2). 32)\ g

4.3/13.7

d€2.

ap

90 — Newr;(t
— — Traditional

80 ”
70
60
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10
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Q

Figure 12: Stability lobe with some possible values for
the number of waves/ + e.

ap [mm]

20 22 24 26 28 30

(1) Only deg}%ﬁ%?gi)nrg?;]new model. If the natural frequency of the system increases, more
o \c/ivlaves are generated in the tooth pth for the same spin-
sl A raditiona e speed, see the middle part of figure 11. This will
cause the stability lobes to move to the right, since for
the same spindle speed the fractias increased.

For downmilling at 5%, the angles at which the cutter
is engaged, lie close t@. As can be seen in figure
6, this gives a delay of about 1-1.5% higher than the

I constant delay. Therefore, the interv_aﬂ —7;(t) is

Q [(x1000) rpm] 1-1.5% larger than the interval— 7, which allows 1-

(2) Only ¢ according to new model. 1.5% more waves to exist within this interval. This is
depicted schematically in the lower part of figure 11.

Therefore, the stability lobes using this periodic de-
lay show some resemblance with lobes generated using
machine dynamics with a 1% higher natural frequency,
while the stiffness is kept at the old value. These lobes

Hence, it can be concluded that the shift to the right of are shown in figure 13. Using this higher natural fre-
the lobe in figure 9(4) is caused by the periodic delay. quency causes the peaks of the lobe to move to the
This can be explained as follows. Chatter is caused byright, which is also the case for downmilling with the
vibrations of the cutter on the tooth path. In one tooth new model.
pass period)V + ¢ waves exist on the workpiece where  The peaks of the proposed model also shift down-
N is the number of full waves and< 1 the fraction of wards, as a result of the changed exit angle, in case
incomplete waves, see the upper part of figure 11. of down milling. This is due to the fact that the tooth is

If the lobe of an SLD is followed from left to right for  longer in cut, so the average force over one tool revo-
a system with a single natural frequency, the fraction lution is increased.

70
60
50
40
30
20
10

ap [mm]

Figure 10: Stability lobe for 5% downmilling using the
traditional and parts of the new model.



9 Faassen, R.P.H., N. van de Wouw, J.A.J. Oosterling and
o —eme Lt H. Nijmeijer (2003). Prediction of regenerative chat-
:;2 ter by modelling and analysis of high-speed milling.
50 International Journal of Machine Tools and Manufac-
22 ture 43(14), 1437-1446.
2 Insperger, T. and G. 8gan (2004). Stability analysis
10 of turning with periodic spindle speed modulation via

0 22 24 26 28 0 semi-discretizationJournal of Vibration and Control

Q [(x1000) rpm] 10, 1835-1855.

Figure 13: Stability lobe for 5% downmilling using the Insperger, T. and G. 8pan (2004). Updated semi-

traditional model with the original and a 1% higher nat- ~ discretization method for periodic delay-differential

ap [mm]

ural frequency. equations with discrete delapnternational Journal
for Numerical Methods in Engineering 61(1), 117—
141.

5 Conclusions Insperger, T. and G. §pan (2004). Vibration frequen-

Traditionally the tool path of a non-vibrating mill is  cies in high-speed milling process or a positive answer
modelled as a circular arc. In practice, the tool path to Davies, Pratt, Dutterer and Burdsurnal of Man-
is a trochoid. In modelling the milling process, this  ufacturing Science and Engineering, Transactions of
has consequences for the static chip thickness, the de- the ASVIE 126(3), 481-487.
lay and the entry and/or exit angles. Equations for the Insperger, T., G. $fan, P.V. Bayly and B.P. Mann
static chip thickness, the periodic delay and the entry (2003). Multiple chatter frequencies in milling pro-
and exit angles have been derived. These models are cessesJournal of Sound and Vibration 262(2), 333—
more accurate than the models traditionally used. 345.

An updated milling model has been constructed us- Li, H.Z., K. Liu and X.P. Li (2001). A new method
ing these new equations. For the sake of simplicity, a for determining the undeformed chip thickness in
linear material model is used. The limit of stability of  milling. Journal of Materials Processing Technology
the traditional model is compared to the limit of stabil- 113, 378-384.
ity of the new model. Hereto, the semi-discretization Martellotti, M.E. (1941). An analysis of the milling
method is used for several radial immersion levels for processTransactions of the ASME 63, 677—700.
both up- and downmilling. It was found that using the Martellotti, M.E. (1945). An analysis of the milling
new model for low radial immersion cuts, the peaks of process. part 2. down millingTransactions of the
the SLD move to the lower right for downmillingandto  ASME 67, 233-251.
the lower left for upmilling compared to the traditional Spiewak, S. (1994). Analytical modeling of cutting
model. This is mainly caused by the periodic delay. For point trajectories in millingJournal of Engineering
higher radial immersion rates, the differences between for Industry, Transactions of the ASVIE 116, 440-448.
the two models decrease. Spiewak, S. (1995). An improved model of the chip

From simulation results, it appears that for accurate thickness in milling.Annals of the CIRP 44(1), 39—
prediction of the stability lobes for low-immersion cut-  42.
ting itis necessary to drop the assumption that the tooth Szalai, R., G. $pan and S.J. Hogan (2004). Global
path is a circular arc. The tooth path should be mod- dynamics of low immersion high-speed milling.
elled as a trochoid. In the future, the stability lobes of 14(4), 1069-1077.
both models should be validated by performing dedi- Tlusty, J. and M. Polacek (1963). The stability of ma-
cated experiments. chine tools against self-excited vibrations in machin-

ing. In: Proceedings of the ASME International Re-
search in Production Engineering Conference. Pitts-
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