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In this paper convergence properties of piecewise affine (PWA) systems are studied. In general,
a system 1is called convergent if all its solutions converge to some bounded globally
asymptotically stable steady-state solution. The notions of exponential, uniform and quadratic
convergence are introduced and studied. It is shown that for non-linear systems with
discontinuous right-hand sides, quadratic convergence, i.e., convergence with a quadratic
Lyapunov function, implies exponential convergence. For PWA systems with continuous
right-hand sides it is shown that quadratic convergence is equivalent to the existence of a
common quadratic Lyapunov function for the linear parts of the system dynamics in every
mode. For discontinuous bimodal PWA systems it is proved that quadratic convergence is
equivalent to the requirements that the system has some special structure and that certain
passivity-like condition is satisfied. For a general multimodal PWA system these conditions
become sufficient for quadratic convergence. An example illustrating the application of the
obtained results to a mechanical system with a one-sided restoring characteristic, which is
equivalent to an electric circuit with a switching capacitor, is provided. The obtained results
facilitate bifurcation analysis of PWA systems excited by periodic inputs, substantiate
numerical methods for computing the corresponding periodic responses and help in controller

design for PWA systems.

1. Introduction

In many control problems it is required that controllers
are designed in such a way that all solutions of the
corresponding closed-loop system “‘forget” their initial
conditions. Actually, one of the main tasks of feedback
is to eliminate the dependency of solutions on initial
conditions. In this case, all solutions converge to some
steady-state solution that is determined only by the
input of the closed-loop system. This input can be, for
example, a command signal or a signal generated by a
feedforward part of the controller or, as in the observer
design problem, it can be the measured signal from the
observed system. Such a ‘“‘convergence” property of a
system plays an important role in many non-linear
control problems including tracking, synchronization,
observer design, and the output regulation problem; see,

*Corresponding author. Email: n.v.d.wouw@tue.nl

e.g., Special Issue (1997) and Pavlov et al. (2005b) and
references therein. From a dynamics point of view,
“convergence” is an interesting property because
it excludes the possibility of multiple coexisting
steady-state solutions: a convergent system excited by
a periodic input has a unique globally asymptotically
stable periodic solution (Demidovich 1967). Also, the
notion of ““‘convergence” is a powerful tool for analysis
of time-varying systems. This tool can be used, for
example, for performance analysis of non-linear control
systems (Heertjes et al. 2006, Pavlov et al. 2006).

For asymptotically stable linear systems excited by
inputs, convergence is a natural property. Indeed, due
to linearity of the system, every solution is globally
asymptotically stable and, therefore, all solutions
of such a system ““forget” their initial conditions and
converge to each other. After transients, the dynamics
of the system are determined only by the input.
For non-linear systems, in general, global asymptotic
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stability of a system with the =zero input does
not guarantee that all solutions of this system with a
non-zero input “forget” their initial conditions and
converge to each other. There are many examples of
non-linear globally asymptotically stable systems that,
being excited by a periodic input, have coexisting
periodic solutions. Such periodic solutions do not
converge to each other. This fact indicates that for
non-linear systems the convergent dynamics property
requires additional conditions.

The property that all solutions of a system “‘forget”
their initial conditions and converge to some steady-
state solution has been addressed in a number
of publications. In Pliss (1966) this property was
investigated for systems with right-hand sides that are
periodic in time. In that work systems with a unique
periodic globally asymptotically stable solution were
called convergent. Later, the definition of convergent
systems given in Pliss (1966) was extended in
Demidovich (1967) to the case of systems that are not
necessarily periodic in time. According to Demidovich
(1967), a system is called convergent if there exists a
unique solution that is bounded on the whole time axis
and this solution is globally asymptotically stable; see
also Pavlov et al. (2004). Obviously, if such a solution
does exist, all other solutions, regardless of their initial
conditions, converge to this solution, which can be
considered as a steady-state solution. In Demidovich
(1961, 1967) (see also Pavlov et al. (2004)) a sufficient
condition for such a convergence property for smooth
non-linear systems was presented. With the development
of absolute stability theory, Yakubovich (1964) showed
that for a linear system with one scalar non-linearity
satisfying some incremental sector condition, the circle
criterion guarantees the convergence property for this
system with any non-linearity satisfying this incremental
sector condition. The property of solutions converging
to each other was also addressed in LaSalle and
Lefschetz (1961), Yoshizawa (1966) and Chua and
Green (1976).

Several decades after these publications, the interest
in stability properties of solutions with respect to one
another revived. Incremental stability, incremental
input-to-state stability and contraction analysis are
some of the terms related to such properties. In the
mid-nineties, Lohmiller and Slotine (1998) introduced
the notion of contraction and independently extended
the result of Demidovich. A different approach was
pursued in Fromion et al. (1996, 1999). In this approach
a dynamical system is considered as an operator that
maps some functional space of inputs to a functional
space of outputs. If such an operator is Lipschitz
continuous (has a finite incremental gain or is incremen-
tally stable), then, under certain observability and
reachability conditions, all solutions of a state-space

realization of this system converge to each other. In
Angeli (2002) a Lyapunov approach was developed to
study both the global uniform asymptotic stability of all
solutions of a system (in Angeli (2002), this property is
called incremental stability) and the so-called incremen-
tal input-to-state stability property, which is compatible
with the input-to-state stability approach; see, e.g.,
Sontag (1995). Problems of analysis and design of
convergent systems (in the sense of Demidovich) were
studied in Pavlov et al. (2005a,b).

It is interesting to note that for a long time it was a
common belief that a non-linear system perturbed by a
periodic external signal should have a unique periodic
steady-state response. Van der Pol and van der Mark
(1927) demonstrated that this is not the case even for a
simple second order system. Nevertheless, in their mathe-
matical analysis, Cartwright and Littlewood (1945)
remarked that their “faith in results was at one time
sustained only by the experimental evidence that stable
subharmonics of two distinct orders did occur’. With the
development of Melnikov’s method (see, e.g., Wiggins
(2003)) it is now well known that a periodically driven
system can exhibit chaotic behaviour. This situation is
impossible for convergent systems, so the convergent
systems are those that would not surprise van der Pol,
Cartwright and Littlewood. Nevertheless conditions for
convergence are important from a practical point of view.

In this paper we study the convergence properties for
the class of piecewise affine (PWA) systems. This class
of systems attracted a lot of attention over the last years,
see, e.g., Johansson and Rantzer (1998), Bemporad et al.
(2000), Heemels et al. (2002), Johansson (2002), Juloski
(2004) and references therein. It includes, for example,
mechanical systems with piecewise linear restoring
characteristics, systems with friction, electrical circuits
with diodes and other switching characteristics, and
control systems with switching controllers. In this paper
we present conditions for convergence for both
continuous (but non-smooth) and discontinuous PWA
systems. Most of the existing conditions for convergence
(or convergence-type properties like incremental
stability, contraction) are formulated in terms of the
existence of some Lyapunov-type function and for this
reason are hardly checkable (Yoshizawa 1966, Chua and
Green 1976, Angeli 2002). In this paper we present
computationally efficient conditions for convergence
of PWA systems. Existing computationally tractable
conditions for this property require continuous
differentiability of the right-hand side (see, e.g.,
Lohmiller and Slotine (1998) and Fromion et al.
(1999)) and therefore they are not directly applicable
to PWA systems, which have non-smooth, and,
in general, discontinuous right-hand sides. This fact
indicates the novelty of the presented results.
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Results on convergence can be used in several
ways. It is known that a convergent system excited
with a periodic input has a unique globally asympto-
tically stable periodic solution with the same period
time as the period time of the input; see, e.g.,
Demidovich (1967) and Pavlov et al. (2005a). In
bifurcation analysis such a property allows one to
significantly reduce computational efforts for con-
structing the bifurcation diagram. Namely, if the
system is convergent, only period-1 steady-state
solutions can exist, while other responses (and thus
bifurcations giving rise to such responses), such as
period-k, k=2,3,...,solutions or quasi-periodic beha-
viour, cannot occur. In practice these period-k
resonances often represent some unwanted dynamics
of the system and should be avoided. If a system is
designed to be convergent or it is made convergent by
means of feedback, it does not have these problematic
dynamics. Moreover, the existence and uniqueness of
a periodic response of a convergent system to a
periodic excitation substantiates many numerical
methods for computing  periodic solutions
of periodically excited systems, see, e.g., Aprille and
Trick (1972), Hajj and Skelboe (1981), Parker and
Chua (1989) and van den Eijnde and Schoukens
(1990).

The paper is organized as follows. In §2 we provide
preliminaries on systems with discontinuous right-hand
sides. In §3 definitions of (uniformly, exponentially,
quadratically) convergent systems are provided and
some properties of convergent systems are studied.
In §4 necessary and sufficient conditions for quadratic
convergence of PWA systems with continuous right-
hand sides are provided. In §5 we present necessary
and sufficient conditions for quadratic convergence of
bimodal PWA systems with possibly discontinuous
right-hand sides and extend the sufficient conditions
to the case of multi-modal PWA systems. Theoretical
results presented in this paper are illustrated in §6
with application to a perturbed mass-spring-damper
system with a one-sided spring, which is equivalent
to some RLC circuit with a diode. Conclusions
are presented in §7.

2. Preliminaries

In this paper we consider systems of the form
X =f(x,0), €]

where xeR", teR, and f(x,?) is a possibly discontin-
uous vector field. It is assumed that f(x, 7) satisfies some
mild regularity assumptions that guarantee the existence
of solutions of the system in the sense of Filippov (1988).
According to Filippov (1988), one can construct a

set-valued function F(x,?) such that a solution of the
differential inclusion

X e F(x, 1)

is called a solution for system (1). By definition, the
solution  x(t, ¢y, xo) with the initial condition
x(tg, 1o, Xo) = Xo 1S an absolutely continuous function of
time.

Consider a scalar continuously differentiable function
V(x). Define a time derivative of this function along
solutions of system (1) as follows

. IV(x)
V.= ™

Since V(x) is continuously differentiable and the
solution x(¢, ty, x¢) is an absolutely continuous function
of time, the derivative of V(x(z, ¢y, xo)) exists for almost
all 7 in the interval of existence [zo, T ) of the solution
X(l, to, Xo).

For the function V(x) we can also define its upper
derivative along solutions of system (1) as follows:

V¥(x,{) = sup <@§>

fcFx,\ 0X

x(1, to, Xo).

Then for almost all 7€ [ty, T) it follows that

V(x(1, 1, X0), 1) < V*(x(1, 19, X0), ). )

Remark 1: Notice that in the domains of continuity
of the function f(x,¢) the derivative of V(x) along
solutions of system (1) equals V(x, 1) = (3V(x)/dx)f (x, 1).
According to Filippov (1988, p. 155), for a continuously
differentiable function V(x) it holds that if the inequality

aV(x)
ox -

f(x,0) <0

is satisfied in the domains of continuity of the function

f(x,1), then the inequality V*(x,7) <0 holds for all

(x,)eR™.
For the sake of clarity, we provide definitions of
stability of an arbitrary solution.

Definition 1: A solution x(f) of system (1) that is
defined for ¢ € (t,, +00) is said to be

e stable if for any ¢y € (¢, +00) and ¢ > 0 there exists
8=46 (e,t9) > 0 such that |x(z)) — x(fp)| < & implies
|x(t) — X(¢)| < € for all 1> t;

e uniformly stable if it is stable and the number § in the
definition of stability is independent of 7y;

e globally asymptotically stable if it is stable and any
solution of system (1) satisfies |x(f) — x(¢)] — 0 as
t— 400;

e uniformly globally asymptotically stable if it is
uniformly stable and for any R > 0 and any ¢ >0
there exists 7(g, R) > 0 such that if [x(zy) <R,
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to € (t4, +00),  then
t>ty+ T(e, R);

e globally exponentially stable if there exist constants
C > 0 and o > 0 such that any solution of system (1)
satisfies

|x(t) — x(1)] <e for all

x(1) — X(1)] < Ce™™ ™| x(10) — X(19))- (©)

3. Convergent systems

In this section we give definitions of convergent systems.
These definitions extend the definition given in
(Demidovich 1967).

Definition 2: System (1) is said to be

e convergent if there exists a solution x() satisfying the
following conditions

(1) x(¢) 1s defined and bounded on R,
(i1) x(7) is globally asymptotically stable;

e uniformly convergent if it is convergent and Xx(¢) is
uniformly globally asymptotically stable;

e cxponentially convergent if it is convergent and x(¢) is
globally exponentially stable.

The solution x(¢) is called a steady-state solution.
As follows from the definition of convergence, any
solution of a convergent system ‘“‘forgets’ its initial
condition and converges to some steady-state solution.
In general, the steady-state solution x(#) may be
non-unique. But for any two steady-state solutions
X1(2) and x>(¢) it holds that |x;(¢) —x2(8)] = 0 as
t— +00. At the same time, for uniformly convergent
systems the steady-state solution is unique, in the
sense that it is the only solution that is bounded on R
(Pavlov et al. 2005b).

Remark 2: In the original definition of convergent
systems given in Demidovich (1967), the steady-state
solution x(¢) is required to be unique. In Definition 2
this requirement of uniqueness is omitted, since for the
practically important case of uniform convergence,
uniqueness of the steady-state solution can be proved
as a corollary to the definition of the uniform
convergence.

The convergence property 1is an extension of
stability properties of asymptotically stable linear
time-invariant (LTI) systems. One can easily show
that for a piecewise continuous vector-function g(z),
which is defined and bounded on R, the system
X = Ax + g(¢) with a Hurwitz matrix A4 is exponentially
convergent.

In systems and control theory, time dependency of
the right-hand side of system (1) is usually due to

some input. This input may represent, for example,
a disturbance or a feedforward control signal. Below we
will consider convergence properties for systems with
inputs. So, instead of systems of the form (1), we
consider systems

X =f(x,w), 4)

with state x € R” and input w € R™. In the sequel we will
consider the class PC,, of piecewise continuous inputs
w(t): R — R™ that are bounded on the whole time axis
R. We assume that the function f(x,w) is bounded on
any compact set of (x,w) and the set of discontinuity
points of the function f(x,w) has measure zero. Under
these assumptions on f(x, w), for any input w € PC,, the
differential equation x = f(x,w(¢)) has well-defined
solutions in the sense of Filippov.

Below we define the convergence property for systems
with inputs.

Definition 3: System (4) is said to be (uniformly,
exponentially) convergent if it is (uniformly, exponen-
tially) convergent for every input wePC,,. In order
to emphasize the dependency on the input w(z), the
steady-state solution is denoted by x,,(7).

Note that the property of (uniform) convergence is
invariant under smooth coordinate transformations.
The property of exponential convergence is invariant
under coordinate transformations z=1/(x) with the
functions ¥ and v~ ' being globally Lipschitz.

Convergent systems enjoy various properties which
are encountered in asymptotically stable LTI systems,
but which are not usually met in general asymptotically
stable non-linear systems; see e.g., Pavlov ez al. 2005b.
As an illustration, we provide a statement that
summarizes some properties of uniformly convergent
systems excited by periodic or constant inputs.

Proposition 1 (Demidovich 1967, see also Pavlov et al.
2005b):  Suppose system (4) with a given input w(t) is
uniformly convergent. If the input w(t) is constant, the
corresponding steady-state solution x,,(t) is also constant;
if the input w(t) is periodic with period T, then the
corresponding steady-state solution x,,(t) is also periodic
with the same period T.

Below we give an important technical definition of
quadratic convergence.

Definition 4: System (4) is called quadratically con-
vergent if there exists a positive definite matrix
P=P" >0 and a number o > 0 such that for any
input w € PC,,, the function V(x,x2) = 1/2(x; — xz)T X
P(x; — x») satisfies

V*(x1,x2, 1) < —2aV(x1, X2), (5)
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where V*(xy,x5,¢) is the upper derivative of the
function V(xi, x,) along any two solutions x;(¢) and
x5(f) of the corresponding differential inclusion
X € F(x, w(?)), 1.e.,

. 1%
VE(x1,x2,t) = sup (3 (Xl,xz)él)
& € Flx1, w(1)) \0X1

aV
+  sup < (x1, Xz)éz) .
& € F(xaw(1)) x>

Quadratic convergence is a useful tool for establishing
exponential convergence for systems with possibly
discontinuous right-hand sides, as follows from the
next lemma.

Lemma 1: [f system (4) is quadratically convergent,
then it is exponentially convergent.

Proof: See Appendix.

Although for the case of systems with continuous
right-hand sides, statements similar to Lemma 1 have
been studied in several publications (see, e.g., Yoshizawa
(1966) Chua and Green (1976), Angeli (2002)), the case
of systems with discontinuous right-hand sides consid-
ered in Lemma 1 is not that straightforward and
involves a lot of additional technicalities.

Remark 3: As follows from Remark 1, quadratic
convergence (inequality (5)) is equivalent to the
inequality

(x1 — x2) P fix1, w) — fixa, w))
< —a(x; — x2)"P(x1 — x2) (6)

being satisfied for all we R” and all x; and x, from the
continuity domain of the function f(x, w). This fact will
be used in the proofs of subsequent results.

For some particular classes of systems, quadratic
convergence can be equivalent to certain simple easily
verifiable conditions. In the next two sections we present
computationally tractable conditions for quadratic
convergence for PWA systems with continuous and
discontinuous right-hand sides.

4. Convergence for continuous PWA systems

Consider the state space R” divided into polyhedral cells
A; i=1,...,1, by hyperplanes given by equations of the
form Hx+h; =0, for some H;eR" and heR,
j=1,...,k. We will consider piecewise-affine systems
of the form

X=Ax+b;+Dw, forxeA; i=1,....L (7)

Here 4, e R™", DeR"™" and b;eR", i=1,...,[, are
constant matrices and vectors, respectively. The vector

xeR" is the state and weR"™ is the input. The
hyperplanes H ITx +h;=0,j=1,...,k, are the switching
surfaces. The following theorem establishes necessary
and sufficient conditions for the quadratic convergence
of system (7) with a continuous right-hand side.

Theorem 1: Consider system (7). Suppose the right-
hand side of system (7) is continuous. Then the following
statements are equivalent.

(1) System (7) is quadratically convergent.
(ii) There exists a positive definite matrix P= P’ >0
such that

PA;+ AP <0, i=1,...,L 8)

Proof: See Appendix.

Remark 4: Condition (8) is a standard condition for
exponential stability of the piecewise lincar system
X = A;x, x€ A;, without inputs. In Theorem 1 we deal
with the convergence property of piecewise affine
systems (7) with inputs. In general, exponential stability
of a system without inputs does not imply the
convergence property of this system excited by non-
zero inputs, even though the system can be exponentially
stable with a quadratic Lyapunov function. For general
PWA systems this statement will be illustrated in the
next section.

Remark 5: Theorem 1 can be viewed as a counterpart
of the following statement for smooth non-linear
systems of the form

X=f(x,w), xeR', weR" 9)

It is known—see, e.g., results on convergent systems in
Demidovich (1967) and Pavlov et al. (2004), results on
incremental stability in Fromion et al. (1999) and results
on contraction analysis in Lohmiller and Slotine
(1998)—that if the matrix inequality

Pg(x, w)+£(x, w)P < -0 (10)
ax ax

holds for some P=P">0, Q=0">0 and all
xeR", weR™, then system (9) is quadratically con-
vergent (contracting or quadratically incrementally
stable, as it would be called in Lohmiller and Slotine
(1998) and Fromion et al. (1999), respectively). In the
above mentioned references f(x,w) is required to be
continuously differentiable with respect to x. Although
there is a clear analogy between condition (10) for
smooth systems and condition (8) for PWA systems,
the above mentioned result is not directly applicable
to PWA systems since the right-hand side of a PWA
system is not continuously differentiable. In the proof
of Theorem 1 we overcome this technical difficulty
of non-differentiability and introduce a technique that
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will be used in subsequent results on convergence of
PWA systems with discontinuous right-hand sides.

Remark 6: As follows from Remark 3, Theorem 1
shows that for a continuous piecewise-affine vector-field
f(x,w) of the form

f(x,w)=A;x+b;+Dw, forxeA;, i=1,...,1

condition (8) is equivalent to the inequality (6) being
satisfied for some o > 0 and all we R”, x; and x, € R".
This fact will be used in subsequent results in this paper.

The continuity requirement on the right-hand side of
system (7) can be checked with the following lemma,
whose proof can be found, for example, in Pavlov
et al. (2005b).

Lemma 2: Consider system (7). The right-hand side of
system (7) is continuous iff the following condition is
satisfied: for any two cells A; and A; having a common
boundary HijT-x—l—hij =0 the corresponding matrices A;
and A; and the vectors b; and b; satisfy the equalities

GyHj = A; — 4;

11
Gijhij = bi — b;, (b

for some vector G;; € R".

5. Convergence for discontinuous PWA systems

Based on the result of the previous section one can
conjecture that an arbitrary piecewise affine system (7)
with a possibly discontinuous right-hand side is con-
vergent provided there is a common quadratic
Lyapunov function for the state matrices 4,, However
this is not the case as one can see from the following
simple example. Suppose the system dynamics is
governed by the following scalar differential equation
with a discontinuous right-hand side

x=ua(x), xeR'

where the function a(x) is depicted schematically in
figure 1. It is seen that the system belongs to the class of
piecewise affine systems and in each region the dynamics
are linear. Moreover, it is not difficult to see that the
system is globally exponentially stable with the common
quadratic Lyapunov function V= x?.

Now suppose that the dynamics of the system is
modified with an additive input signal

X =a(x)+w(), xeR.

It is clear from the picture that for some input signals
(e.g., constant) the dynamics of the system can depend
on the initial conditions (one can take such a constant
input signal that the system has two asymptotically

A a(x)

""""""" —wl| "N

Figure 1. Piecewise affine characteristics a(x).

stable equilibria), or, in other words, the system is not
convergent. This simple example illustrates that even
the existence of a common Lyapunov function for each
mode of a piecewise affine system is not sufficient to
guarantee its convergence. Moreover, this example
shows that the requirement of continuity of the
right-hand side of a PWA systems plays an important
role for the convergence property and we have to be
careful when analysing convergence for discontinuous
PWA systems. In fact, for bimodal piecewise-affine
systems the existence of a common Lyapunov function
and the requirement similar to the continuity conditions
(11), provided that some passivity-like condition is
satisfied, are even necessary and sufficient for the
quadratic convergence, as follows from the result
presented hereafter.
Consider the bimodal system

. {A1x+b1 +Dw, forH'x>0 (12)

| Ayx+ b+ Dw, for HTx <0,

where xeR", weR"™ and A, b, i=1,2, and D are
matrices of the appropriate dimensions. The switching
plane is determined by the constant vector HeR".
Denote AAd:=A4, — A, Ab:=b; — b,.

Theorem 2: Consider system (12). The following
statements are equivalent.

(1) System (12) is quadratically convergent.

(ii) There exist a positive definite matrix P=P* > 0 and
numbers B> 0 and y >0 satisfying the following
LMI

1
PA, 4+ ATP + BI PAA—EHHT

1 <0, (13)
AATP—EHHT —HHT

PAb = —yH. (14)
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(iii) There exist a positive definite matrix P=P" > 0, a
number y € {0, 1} and a vector G € R" such that

PA;+ AP <0, i=1,2, (15)
AA =GHT, (16)
PAb = —yH. (17)

Proof: see Appendix.

Remark 7: In part (iii) of Theorem 2 there are two
options: y=0 and y=1. For the case y=0 condition
(17) yields Ab=0. This, together with condition (16),
implies that the right-hand side of system (12) is
continuous (see Lemma 2). For the case of y=1, we
see that the discontinuity may occur only due to the shift
terms b;. In this case conditions (15) and (17) express
that the two linear systems (4, Ab, HT) and (A,, Ab,
HT) with the state matrices 4, 4,, input matrix Ab and
output matrix H’ are strictly passive with the same
matrix P.

The implication (iii)=(i) in Theorem 2 can be
extended to the case of PWA systems (7) having more
than two modes with the switching surfaces not
necessarily going through the origin, i.e., given by
equations of the form Hij + h; = 0. This statement is
formulated in the next theorem.

Theorem 3: Consider PWA system (7). Suppose there
exists a positive definite matrix P= P’ > 0 satisfying

PA;+AP <0, i=1,....1 (18)

and for any pair of cells A; and A; having a common
boundary given by Hi?x + hy = 0 (such that A; C {xeR"
ng +h; >0} and A; C {xeR" Hl;x + hjj < 0}) there
exist a vector G € R" and a number y; € {0, 1} satisfying

A; — Ay = GyH], (19)
P(bl — bj — Gifhij) = _yUHU (20)
Then system (7) is quadratically convergent.

Proof: see Appendix.

Remark 8: In general, the converse statement is not
true. There is an example of a quadratically convergent
PWA system with 4 switching modes with the system
matrices satisfying condition (18), but not satisfying
condition (19); see van den Berg et al. (2006).

6. Illustrating example

In this section, we illustrate the theory presented in §4
on the convergence condition for continuous PWA
systems. An important class of engineering systems,
namely mechanical systems with one-sided restoring

characteristics (such systems also have their counter-
parts in electric circuits), can be described as continuous
PWA systems. Many mechanical systems exhibit such
one-sided stiffness characteristics. Practical examples are
elastic stops in vehicle suspensions, rubber snubbers on
solar panels on satellites (van Campen et al. 1997),
mooring cables securing drilling platforms to the sea bed
(Thompson and Stewart 1986) or suspension bridges.
From an engineering perspective, the behaviour of such
systems under external perturbations is important to
ensure performance and/or the avoidance of damage or
failure. Often the perspective of periodic disturbances
(Fey 1992, Fey et al. 1996, Heertjes 1999, Heertjes et al.
1999) or stochastic disturbances (van de Wouw et al.
2002) is taken to investigate the perturbed non-linear
dynamics of these types of systems. Here, we will adopt
the perspective of periodic disturbances. In Fey (1992),
Fey et al. (1996), Heertjes (1999) and Heertjes et al.
(1999) it is shown that the non-smooth non-linearity
induced by a one-sided restoring characteristic causes
a multitude of non-linear phenomena, such as period-1
solutions, period-k, k=2,3,...,solutions, quasi-
periodic behaviour and even chaos. In these references
extensive (and computationally expensive) numerical
bifurcation analysis are performed. Herein, it is shown
that in a wide range of parameters, steady-state sol-
utions, such as period-1 solutions, i.e., periodic with the
same period time as the period time of the excitation,
and period-k, k=2,3,...,solutions, i.e., periodic with
the period time & times larger than the period time of the
excitation can coexist. From the perspective of mechan-
ical vibrations the period-k solutions lead to additional
non-linear resonances (often called subharmonic reso-
nances), which are often considered to be unwanted.

Clearly, the coexistence of period-1 and period-k,
k=2,3,...,attractors is excluded in uniformly conver-
gent systems, since these systems exhibit, for any
bounded input, a unique solution bounded on R,
which is the globally asymptotically stable steady-state
solution, see § 3. Moreover, for periodic disturbances the
steady-state solution is also periodic with the same
period time; see Proposition 1. Clearly, the conditions
for uniform convergence proposed in this paper can help
in identifying areas in parameter space in which no
coexisting solutions that are bounded on R can occur
and can thereby support a bifurcation analysis in an
efficient manner. Of course it should be noted that
the convergence conditions proposed in §§4 and 5 are
conservative and can therefore never identify the exact
location of a bifurcation point.

Here we will consider a single-degree-of-freedom
mass-spring-damper system with a one-sided spring, as
depicted in figure 2. An electric circuit equivalent to this
mechanical system is depicted in figure 3. In Fey (1992)
and Fey et al. (1996) it is shown that more complex



Downloaded By: [Technische Universiteit Eindhoven] At: 07:50 25 October 2007

- Z

1240 A. Pavlov et al.
k Non-convergent dynamics
w(t) = A sin(of ' ' i
b —— —(,) (@ — period-1 solution
m . -- period-3 solution
0.8H
knl .'": .
0.6 v

Figure 2. Mass-spring-damper system with a one-sided
support.

R L C
w(r) = A sin(r) c —|—
2

(e, <

i

Figure 3. RLC circuit with a switching capacitor.

multi-degree-of-freedom systems exhibit a similar
behavioural complexity and therefore the systems
in these figures represent a relevant case-study.

The dynamics of the mechanical system shown in
figure 2 can be formulated in the form (7), with /I=n=2,
m=k=1, x=[z2]", w(t) = Asin(wt), by=b,=[00]",
A ={x|x; >0}, A, ={x]|x; <0} and

0 1 0 1
A=\ k b|. A=| k+ky b |
“mm TTm T m
0
D=1 1)
m

The displacement of the mass is denoted by z, its velocity
by z. The system has mass m, (linear, two-sided) stiffness
k, damping constant » and the stiffness of the one-sided
spring is k,. Moreover, the harmonic input
w(t) = Asin(wt) is characterized by an amplitude A
and an angular frequency w.

The dynamics of the equivalent electric circuit
depicted in figure 3 can also be represented in the
form (7), with I=n=2, m=k=1, x=[[ji(s)ds ",
w(t) = Asin(wt), by =by =[00]", A = {x]x; >0},
Ay = {x]x; <0} and

0 1 0 1
Ay = 1 R |, A4, = Ci+C R |,
LG, L CLCIC, L
0
D= 1i|. (22)
L

Time

Figure 4. Displacement z(¢) for k,,=6 (non-convergent
dynamics); coexistence of period-1 and period-3 steady-state
solutions, for the respective initial conditions xo=[0.3 0.5]7
and xo=[1 0]".

Here i is current, w is voltage, C; and C, are capacities,
R is resistance and L is inductance.

Because of the equivalence of the mechanical system
shown in figure 2 and the circuit shown in figure 3,
we will consider only the dynamics of the mechanical
system. We adopt the following parameter setting:
m=k=1,b=0.2, A=1 and k,;=6. In van de Wouw
(1999), it shown that for this parameter setting, the
system exhibits coexisting period-1 and period-k,
k=2,3,..., for a wide range of excitation frequencies
w. For an excitation frequency w=4.5, the coexistence
of a period-1 solution (period time 27/w) and a period-3
solution (period time 3 -2m/w) is illustrated in figure 4.
It should be noted that the period-k, k=2,3,...,
solutions are generally born through fold bifurcations
or period doubling bifurcations, while taking w as a
bifurcation parameter (Fey 1992). Clearly, the system
is not convergent in this case and no solution for the
LMIs (8) exists.

In figure 5, results are displayed for k,,=0.4.
The LMIs (8) are now solvable with a matrix P
satisfying the LMIs:

1546.7 1329
P= [ 132.9 1274.6] @3)

This figure illustrates that all solutions converge to
a unique globally asymptotically stable steady-state
solution. Moreover, this solution is period-1; i.e., it
exhibits the same period time as the input w. The
convergence condition implies the absence of a bifurca-
tion, giving rise to period-k, k=2,3,...,solutions, for
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Convergent dynamics

08l —x(0)=[0-021"| |
' —_x(0)=[10]
06fu ! —x0) =107 ||

0 5 10 15 20 25 30 35 40 45 50
Time
Figure 5. Displacement z(f) for k,,=0.4 (convergent

dynamics); all solutions converge to the globally asymptoti-
cally stable steady-state period-1 solution.

any frequency of the disturbance w (in fact the
convergence condition implies the absence of any type
of bifurcation). This, in turn, implies the absence of the
undesired non-linear resonances due to the existence of
period-k, k=2,3,...,solutions. Therefore, uniform
convergence of a system is a desired property, which
should be aimed at already at the stage of system design.

This example also clearly illustrates the difference
between the stability of the unperturbed system
and convergence. Namely, for any value k,; > —k of
the one-sided spring stiffness, the unperturbed system,
i.e., with w=0, exhibits a globally asymptotically stable
equilibrium point x =0. This can easily be derived using
the dissipative nature of the system. However,
the discussion above shows that convergence property
encompasses much more than asymptotic stability
of the equilibrium point of the unperturbed system
(although it implies it) and that the system under
consideration is only convergent for small values of k,,.

7. Conclusions

In this paper we have considered convergence properties
for piecewise affine (PWA) systems. First, we have
introduced the notion of (exponential, uniform) con-
vergence and studied some properties of convergent
systems. Secondly, the notion of quadratic convergence
has been introduced. Quadratic convergence is a useful
tool for establishing the exponential convergence
property. It is shown that for a non-linear system
with a possibly discontinuous right-hand side,
quadratic convergence implies exponential convergence.

Thirdly, for PWA systems with continuous right-hand
sides we have shown that quadratic convergence is
equivalent to the existence of a common quadratic
Lyapunov function for the linear parts of the system
dynamics in every mode. As it has been demonstrated
with an example, for discontinuous PWA systems the
existence of a common quadratic Lyapunov function
for the linear parts of the system dynamics does not
guarantee convergence. For a discontinuous bimodal
PWA system we have proved that for quadratic
convergence it is necessary and sufficient that disconti-
nuity occurs only due to the shift terms, while the state
matrices of the linear parts of the dynamics, the
difference between the shift terms, and the vector of
the switching plane satisfy certain passivity condition.
Then the sufficient conditions from this statement
have been extended to the case of (discontinuous)
PWA systems with arbitrary number of modes.
The obtained results provide tools for studying
convergence properties for non-smooth and discontin-
uous systems. Application of these results has been
illustrated with an example containing analysis
of dynamics of a mass-spring-damper system with a
one-sided spring, which is equivalent to some electric
circuit with a diode.

The presented results on convergence can be used in
several ways. A uniformly convergent system excited
with a periodic input has a unique periodic solution,
which is globally asymptotically stable and has the
same period time as the period time of the input.
In bifurcation analysis such a property allows one to
significantly reduce computational efforts for finding
other periodic (period-1 or period-k, k=2,3,...)
responses to periodic excitations. In practice period-k,
k=2,3,...,responses represent unwanted non-linear
phenomena. They may lead to undesired resonances in
the low frequency range and, for this reason, should be
avoided. If a system is designed to be convergent or it is
made convergent by means of feedback, it does not have
these problematic dynamics. Moreover, the existence
and uniqueness of the periodic response of a convergent
system to a periodic excitation substantiates many
numerical methods for computing periodic solutions
of periodically excited systems. Further work will
be directed towards exploiting the presented results
on convergent PWA systems in the scope of
tracking, observer design, synchronization and the
output regulation problem.
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Appendix

7.1 Proof of Lemma 1

Consider the system
x = flx, w(1)), (24)

where w(f) is some bounded piecewise-continuous input.
First, we show the existence of a solution x,,(f) of system
(24) that is defined and bounded on the whole time axis
(—00, +00). The existence of such x,(7) will be shown
using the following lemma.

Lemma 3 (Yakubovich 1964): Consider system (24)
with a given input w(t) defined for all t e R. Let D C R" be
a compact set that is positively invariant with respect to
system (24). Then there is at least one solution X(t)
satisfying x(t) € D for all t € (—o0, +00).

In order to apply this lemma, we need to prove the
existence of a compact positively invariant set D.
Consider the function W(x):=1/2x"Px. The upper
derivative of this function along solutions of system
(24) satisfies

W*(x,f)= sup x!P&
&€ Flx,w(1))

T . T
< sup x P&— inf  x° P&
£e F(x, w(t) & € F(0,w(1)

+ sup xTPéz.
& € [0, w(1))

Notice that for the function V(x1, x,) from the definition
of quadratic stability it holds that

VAx,0,t)= sup x"Pé+ sup (—xTPg)

&€ Flx,w(1)) &1 € F(0,w(r)
T : T
- seﬁ(ligv(z)) xR 3 ell”(r(llfu’(t)) X P
Therefore,
W, 1) < V2, 0,0+  sup  [xTP&|. (25)

& € F(0,w(1))
By the quadratic convergence property it holds that
V*(x,0,0) < —2aV(x,0) = —a|x|5, (26)

where |x|§; = xTPx. At the same time, by the Cauchy
inequality it holds that |x7 P& | < |x|p|&|p. Hence

sup  [XTPE|<Ixlp sup  |&lp.  (27)
£ € F(0, w(1)) & € F(0,w(1))

Recall that the input w(¢) is bounded, i.e. [w(?)| < R for
all 1eR, for some R > 0. By the assumption on the

right-hand side of system (4) (see §2), the function
fix,w) takes bounded values on any compact set of
(x,w). Therefore the set {£eR" &€ F(0,w), |w| < R} is
bounded. Therefore, for some constant ¢ >0 it
holds that

sup  [&|p < sup [&]p <c (28)
& € F(0,w(1)) & e F(0,w)
Iwl<R

Combining inequalities (25)—(28) we obtain
W*(x. 1) < x| p(—alx|p + 0). (29)

Hence, W*(x,7) <0 for all reR and all x satisfying
|x|p = ¢/a. Taking into account the relation between the
derivative and upper derivative of W(x) along solutions
x(1) of system (24) (see (2)), we obtain

W(x(1)) <0

for almost all t such that |x(?)|p > ¢/a. This implies that
the set D := {x: |x|p < ¢/a} is compact and positively
invariant. By Lemma 3 there exists a solution x,,(¢) that
satisfies x,,(7) € D for all reR.

Next, we need to show global exponential stability
of Xx,(7). By the quadratic convergence property it
holds that

V*(x, Xu(0), 1) < =20 V(x, %,(0)).

Consider some solution x(7) := x(t, ty, xo) of system (24).
Recall that the derivative of V' along x(r) and x,(¢)
satisfies  V(x(1), %,(1)) < V*(x(1), X,(1), 1) for almost
all 7 (see §2). Therefore,

V(xX(1), (1)) < =20 V(x(1), %(1))

for almost all #>¢,. Since V(xj,x,) is a quadratic
form with respect to the difference (x; —x,), the last
inequality implies

|X(1) = %u(1)] < Ce™7) | x(t9) — X(t0)],

where the number C > 0 depends only on the matrix P.
Therefore, the global exponential and, thus, uniform
asymptotic stability of the steady-state solution is
proved. U

7.2 Proof of Theorem 1

(i))=(1) Denote the right-hand side of (7) by f(x,w).
Since P satisfies LMI (8), there exists a constant o > 0
such that

PA;+ AP < —2aP, i=1,...,1 (30)

Let us show that for these o and P inequality (6) holds
for all xq,x» € R" and all weR"”.

First, consider the case when both points x; and x,
belong to the closure of the same cell A; with the
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dynamics x = A;x + b; + Dw. Then, f(x;,w)=Ax;+
b;+ Dw and f(x,, w) = A;x>+ b;+ Dw. Therefore,

(x1 = x2) P fixi, w) — [ (x2,w))
= (1 — x2) P(Aix) — Aix2)

— %(xl —x2)(PA; + ATP)(x1 — x2)
< —a(x) — x2)"P(x) — x2). (31)

Thus, inequality (6) holds for such points x; and x».
Next, we consider the case of x;, x, from different
cells. Denote y;:=xy, y,:=xpand y;, i=2,...,p—1, —
the points of intersection of the line segment (x, x,) with
the switching surfaces such that any pair of points y,,
Vi lies in the closure of the same cell and the sequence

V1> V2, ..., Yy is ordered, see figure 6.
Denote e:=(x; — x»)/|x; — X»|p. Since all points y;,
i=1,...,p, lie on the same line and they are

ordered, then

Vi — Vit+1

, i=1,...,p— 1L (32)
’yi_yi+1|P

e =

Taking this fact into account, we obtain

(et = x2) T P(flx1,w) = f(x2,w))

p—1
=|xi —x2lp Y " P(yiw) = fyiv1,w)
i=1

v =l Z(yz Vit1) I;(}Eyyﬁ —[Wis1,w). (33)
i+llp

Since any pair of points y;, y;1 belongs to the closure of
the same cell, from the first step of the proof we obtain

(yi = yir) "P(A(is W) = A iz, W)
< —a(yi—yir1) " P(yi — yis1)

2
= —05|yi _yi+1|P'

Switching surfaces
\l/ X =1y

Y2

Xy =1y,

Figure 6. The points y; on the line segment (x;, x): each pair
Vi» yiy1 lies in the closure of the same cell and the sequence
Vi»- -+, V4 18 ordered.

Substituting this inequality in (33) implies

(x1 — x2) " P(flx1, w) — fxx2, w))

—1

< —alx; — x2|PZ ’yl i+l ’P (34)
i=1

Since all points y,, i=1,...,p, lic on the same line and

they are ordered,

I
Z i = virt|p= |1 = 2plp= ¥ = x2lp. (35)
p

This fact together with (34) implies (6). This completes
the proof of the implication (ii)=-(i).

()=(ii). Consider the dynamics of system (7) in a cell
A;. The right-hand side of the system in A; equals
fix,w)=A;x+b;+ Dw. Therefore, quadratic conver-
gence of system (7) implies

(x1 — x2)"PA(x; — x2)
< —a(x; —x2) P(x; — x2) (36)
for all x1, x; € A;. Consider a point x, from the interior
of A;. Then there exists ¢ > 0 such that (x, + &y) € A;
for all yeR" satisfying |[p|<1. By substituting

X1:=x,+ey and x,:=x, in (36) and dividing both
sides of the resulting inequality by &* we obtain

1
yTPAiy = EyT(PA; + AiTP)y < —ayTPy
for all y e R" satisfying |y| < 1. This yields

PA;+ AP < —2aP < 0. (37)

Due to arbitrary choice of the cell A;, we conclude that
(37) holds for all i=1,...,L ]

7.3 Proof of Theorem 2

The theorem will be proved in the following order:
(1)=(i)=(ii))=(1).

()= (ii). According to Remark 3, quadratic conver-
gence of system (12) implies that there exists a positive
definite matrix P = P” > 0 and a number « > 0 such
that for any x; and x, satisfying the inequalities
H'x, > 0 and H"x,<0 it holds that

(x1 — x2) " P(A1x1 + b1 — A>x3 — b))
< —a(x; — x2) P(x; — x2). (38)

By denoting e:= x| — x, and taking into account the fact
that —aP < —BI for some B> 0, we conclude that
inequality (38) implies

e"P(A1e + AAxy + Ab) < —Ble)? (39)
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for all ¢ and x, from the set ©:={(e, x,): H x,<O0,
H"e+ H"x, > 0}. Let us show that inequality (39) yields

eTP(A1e + AAx>) + Ble)* <0 (40)
e"PAb <0 (41)

for all (e,x;)e ;. Consider some point (e, x;)€ Q.
Then for all 2 > 0 it holds that (e, Ax;) € ;. As follows
from inequality (39), this yields

22(e"P(Aie + AAxy) + Blel?) + 2e"PAb < 0

for all 2 > 0. One can easily check that this inequality is
satisfied for all 4 > 0 iff the inequalities (40) and (41)
hold. Due to arbitrary choice of (e, x») € 2, we conclude
that inequalities (40) and (41) are satisfied for all
(6, XQ) (S Q] .

Repeating the same steps as in the first part of the
proof, but this time for points x; and x; satisfying
H'x;<0and H'x, > 0, we conclude that the inequality

eTP(41e — AAx)) + Blel* <0 (42)

holds for all (e, x1) € Q,, where Q, := {(e, x;): H x| <0,
—H"e + H"x; > 0}. By denoting X := —x;, we see that

eTP(A1e + AAZX)) + Ble)> <0 (43)

holds for all (e,%)e, where Q) :={(e,X)):
HT)~C1 > 0, HT€+HT)~61 < 0}

No we can show that (13) is feasible. Combining
inequalities (40) and (43) we obtain that the quadratic
form F(e, &) := e P(A e + AAE) + Ble|* satisfies

F(e,&) <0 for (e, &) Gle,&) <0, (44)

where G(e, ) := ETH(H"e + H'E). Due to continuity of
F and non-strict inequality for F in (44), the last
inequality is equivalent to

F(e,§) =0 for (e, 8): Gle,§) < 0. (45)

Applying the S-procedure, see e.g., Boyd et al. (1994)
and Yakubovich et al. (2004), we obtain that the
conditional inequality (45) is equivalent to the uncondi-
tional inequality

Fle,§) —1G(e,§) <0 (46)

for some 7> 0 and all (e, &) € R*". The equivalence holds
because the S-procedure is lossless in case of one
quadratic constraint, see e.g., Yakubovich ez al. (2004).
Notice that since the quadratic form F(e, &) is not
negative semidefinite, 0 (otherwise the equivalence
between (45) and (46) does not hold). Notice that
inequality (46) is equivalent to the following LMI

<13A1 +ATP+ 2B PAA—tHHT

AATP — tHH" —2tHH" ) =0. @7

Since 7 > 0, from this inequality we obtain (13) with
P:= P/(27) and B := B/z.

It remains to show that inequality (14) holds for
the presented P and some y > 0. To this end, consider
inequality (41), which holds for all (e, x;)€ Q.
Notice that for all e satisfying H'e > 0 there exists x,
such that (e, x;) € ;. Therefore, e’ PAb <0 for all e
satisfying H”e > 0. One can easily check that this is
possible iff PAb = —yH for some 7 > 0. After dividing
both sides of the obtained equation by 27, we obtain (14)
with P = P/(27) and y := 7/(27). This finishes the proof
of implication (i)=(ii).

(i1)=(iii) First, we will show that conditions (15)—(17)
hold for some matrix P=P” >0, vector GeR" and
some y > 0. If y =0 this proves this implication. If y > 0,
then by dividing (15) and (17) by y we obtain that
relations (15) and (17) hold for P:= P/y and y=1.
This proves the remaining part of the implication.

Let us show that conditions (15)—(17) hold for some
matrix P=P7 > 0, vector GeR" and some y>0. We
only need to show (15) and (16), since (17) coincides
with (14). One can easily see that inequality (13) implies
PA; + ATP < —BI < 0. Next we show that inequality
PAy + AYP < —BI < 0 holds. Denote the matrix in (13)
by M. Then inequality (13) yields

X g X
()

for all x € R". After elaborating the left-hand side of (48)
we obtain xT(PAy+ ATP+ BhHx <0 for all xeR"
Hence, we have shown (15). Let us show that (16)
holds for some G € R". This is done in the same way as
in Juloski et al. (2002). Suppose x € ker(HT). From the
structure of the matrix M we obtain

(3) () =

Since M =M" <0, this equality implies M(0, x")" =0.
Taking into account the structure of M, we obtain that
PAAx=0. Since P is non-degenerate, we conclude that
AAx=0. Thus we have shown that ker(H”) C ker(AA).
This relation, in turn, implies the existence of a vector
G €R" such that AA=GH”. This concludes the proof
of the implication (ii)=>(iii).

(iii)=(i) Let us write the system (12) in the following
form

X = flx, w) + b(x), (49)
where
= . |Aix+Dw, forH x>0
S, )= {Azx—f—Dw, for H x <0, (30)
| b1, forH'x>0
b(x) = {bz, for HTx < 0. (D)
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As follows from Remark 3, for quadratic convergence
of system (49) it is sufficient that, for some matrix
P=P" > 0 and number « > 0, the inequality

(= x2) TP (et w) + blaxr) — flxa, w) = bix2))
< —a(x; — x2) P(x; — x2) (52)
holds for all x; and x, such that H'x; #0 and
HTx, #0, ie. in the continuity points of the right-
hand side of system (49). The vector-field f{x,w) is
piecewise affine. Moreover, as follows from condition
(16) and Lemma 2, f(x,w) is continuous. Since the
matrices 4; and A, satisfy (15) for some P=P” >0,

then by Theorem 1 (see Remark 6) the inequality

(1 = )" P(fler, w) = fea. )
< —a(x; — x2) P(x1 — x2) (53)

holds for all x; and x, € R". Hence,

(1 = )" P(for 1) + b)) = flea. w) = b))
< —a(x) —x2) P(xi — x2)

+(x1 = x2) T P(b(x1) = b(x2)). (54)

It remains to show that
(x1 — x2)"P(b(x1) — b(x2)) < 0 (55)

for all x; and x, such that HTx,¢0, i=1,2. If x; and x,
belong to the same cell, i.e. either H'x; > 0, i=1, 2 or
H'x;<0, i=1,2, then b(x;)=b(x,) and, therefore, the
left-hand side of (55) equals zero. If H'x; >0 and
H"x,<0, then b(x,) — b(x,) =b; — b, = Ab. Taking into
account equality (17), we see that the left-hand side of
(55) satisfies

(x1 —x2)"PAb = —y(x; — x2)'H
=—y(H"x; — H'x;) <0.

In the same way inequality (55) is proven for all x; and
x, satisfying H'x;<0 and H”x, > 0. Thus, we have
shown that inequality (55) holds for all x; and x, such
that H'x;#0, i=1, 2. Inequalities (55) and (54) jointly
imply (52). This completes the proof of the implication
(ii))=(1). L]

7.4 Proof of Theorem 3
Let f(x, w) denote the right-hand side of (7), i.e.,
flix,w)=A;x+b;+Dw, forxedA;, i=1,...,L

According to Remark 3, we only need to show
that for the Lyapunov function FV(x,x;):=
1/2(x1 — x2)"P(x| — x») the inequality

V(x1,x2,w) = (x1 — x2) P(f(x1, w) — flx2, w))
< —2aV(x1,x7) (56)

holds for any weR™, x; and x, from the continuity
domain of the function f{x, w).

If x; and x, belong to the same cell, then (56) is
obviously satisfied. Let us now consider the case of x;
and x, belonging to the interior of two neighbouring
cells A;and A, respectively. In this case, we can consider
our system as a bimodal system with the switching
surface Hi]Tx + hjj =0. To apply Theorem 2 we need to
transform the coordinates of the system such that the
switching surface goes through the origin. This is
achieved by shifting the coordinates as X = x — x, for
some x, lying on the switching surface, i.e. such that
H[x, 4 hj = 0. Then the system transforms into

. [Aik+bi+Dw, HIZ>0
X = (57)

Ajfc—i—b} + Dw, Hi]T)E <0,

with b; = b; + A;x, and bN_/ = bj + Ajx,. For this system
the conditions (18), (19) coincide with the corresponding
conditions (15), (16) in Theorem 2. Condition (17) is
satisfied due to condition (20) and the fact that

b — by = bi — b+ (4; — A))x, = b; — by + GyH] x,
= bi — by — Gjjhy,

where we have used (19). Hence all conditions of
Theorem 2 are satisfied for system (57) and therefore
the derivative V(%, %, w) along solutions of (57)
satisfies V()Zl,fcz,w) < —2aV(x1,X,) for any X; and X,
not lying on the switching surface Hgfc = 0. Since
V(xy,x3) = V(X1,X;), this implies that the derivative
V(x1, x2, w) along solutions x,(¢) and x(7) of the original
system also satisfies V(xl, X2, w) < —2aV(x, x,) for any
x1 and x, from the interior of A; and A, respectively, i.e.
(56) holds.

Next we consider the case of arbitrary x; and x, from
the continuity domain of f{x,w). Consider the straight
line segment connecting the points x; and x,. Let
Vii=X1, Ypi=xpand y;, i=2,...,p—1, be the points on
the line segment such that the points y;, y;;; for any
i=1,...,p—1, belong to the interior of two neighboring
cells and the sequence yi, ..., y, is ordered, see figure 7.

According to the first part of the proof we have

(i = yir) " P(A iy w) = A iz, W)
< —a(yi—yir1) " P(yi — yis1)

2
= —0‘|yi — Vitl |P-
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Switching surfaces

!

X1=)

-

Y2

Xy = Iy3

Figure 7. The points y; on the line segment (x;, x,): y; and
vir1 belong to the interior of neighbouring cells and the points
V1, ..., y3 are ordered.

With this fact, by repeating the reasoning from the proof
of Theorem 1, see formulas (32)—(35), we prove that
inequality (56) holds for any x; and x, from the
continuity domain of f{x,w). This completes the proof
of the theorem. O
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