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A B S T R A C T

This paper extends bit/rock interface laws for drag (PDC) bits, originally formulated for homogeneous
rocks, to the transition between two rock layers with distinct mechanical properties. It formulates a set of
relations between the weight-on-bit, the torque-on-bit, the depth-of-cut per bit revolution, and the engagement
parameter of the bit in the lower rock layer. This model enables us to extend the 2D 𝐸 − 𝑆 diagram for the
homogeneous case to a 3D 𝐸 − 𝑆 diagram for the transitional case, where the third dimension is related to
the engagement parameter. Moreover, this model is used to derive an expression for the drilling efficiency
for the transitional phase. Examples are provided for describing the 3D 𝐸 − 𝑆 diagram and drilling efficiency
under the condition of quasi-stationary drilling (i.e., constant angular velocity, constant weight-on-bit). These
examples show that the drilling efficiency depends nonlinearly on the bit engagement between the two rock
layers. This intrinsic dependency is closely related to the bit shape.
. Introduction

Exploration and production activities for the discovery and ex-
raction of hydrocarbon and geothermal energy resources require to
rill deep (even ultra-deep-water) well-bores into the targeted reser-
oir zones in the earth’s crust where the resources are accumulated.
own-hole, self-excited vibrations are omnipresent phenomena when
erforming these drilling operations, which are typically done by ro-
ary drilling systems equipped with Polycrystalline-Diamond-Compact
PDC) bits as sketched in Fig. 1(a). PDC bits (also known as a class-type
f fixed cutter or drag bits) consist of several bit blades on which the
DC cutters are attached (see Fig. 1(b)).

The vibrations at the bit are primarily caused by the interaction
etween the bit and the rock formation.2–4 In addition, the bit expe-
iences transient vibrations when transitioning between two distinct
ayers5–7. Such drilling conditions can lead to fast changes in the
eight-on-bit (WOB) and torque-on-bit (TOB) arising from the bit/rock

nteraction, and consequently affect the total dynamics of the drill–
tring system. These rapid load changes on the bit may lead to bit
amage and drilling in interbedding formations may significantly affect
rilling efficiency.8–11 These observations motivate the development of
bit/rock interaction model for PDC bits transitioning between two

ayers.
The interface laws, originally introduced in Refs. 12–14 to describe

he interaction between the rock and bit, have been used to analyze the
esponse of drilling systems with PDC bits in homogeneous formations.

∗ Correspondence to: Department of Mechanical Engineering, Eindhoven University of Technology, PO Box 513, 5600 MB, Eindhoven, The Netherlands.
E-mail address: a.g.aribowo@tue.nl (A.G. Aribowo).

In Refs. 15–19, these interface laws are utilized in the modeling and
dynamic analyses of drill–string systems to explain the root-cause of
the vibrations for drilling scenarios with PDC bits in homogeneous
rock formations. The interface laws, being parameterized by the rock
mechanical properties and the bit-design properties, couple the axial
and torsional dynamics of the drill–string through both the regenerative
effect (well-known in the scope of chatter phenomenon in the milling
process20) and frictional contact. However, such interface laws for the
case of the bit transitioning between two distinct rock layers are still
missing in the literature.

The main contributions of this paper are as follows:

– Firstly, we extend the bit/rock interface laws for homogeneous
formations to the transition between two layers (e.g., soft and
hard layers of an interbedded formation as sketched in Fig. 1(a)).
Specifically, we derive a set of relations between the dynamic
variables (the WOB 𝑊 , the TOB 𝑇 ) and the kinematic variable
𝑑 for the depth-of-cut (DOC) produced per bit revolution and the
evolution parameter 𝑈 for the bit engagement in the associated
lower layer during the transition. Parameter 𝑈 represents how
deep the bit has entered the lower layer.

– Secondly, by using this novel model, we extend the 2D 𝐸 − 𝑆
diagram (with 𝐸 being the mechanical-specific-energy (MSE) and
𝑆 being the drilling strength) for the homogeneous case to 3D 𝐸−
𝑆 diagrams for the transitional case, where the third dimension
is related to the engagement parameter 𝑈 .
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Fig. 1. Rotary drilling system with PDC bit in drilling a vertical well-bore during a transitional phase between two rock layers.1
– Finally, this model is used to find an analytical expression for the
drilling efficiency for the transitional case.

The paper is organized as follows. Section 2 summarizes the foun-
dational formulation of the interface laws for the transitional phase,
which consist of two components: (i) cutting and (ii) frictional contact.
In Section 3, the dynamic variables in these components are explicitly
formulated as function of the depth-of-cut and parameterized by the bit
characteristics and the rock properties associated to the layer(s) with
which the bit currently engages. Section 4 presents the extension of
the 𝐸 − 𝑆 diagram and of the drilling efficiency for the transitional
phase. In Section 5, the MSE and the drilling efficiency are numerically
investigated within a scenario of the transitional phase. Furthermore,
the effect of the bit shape on the drilling efficiency is also explored.
Finally, Section 6 draws conclusions.

2. Problem formulation

In this section, we formulate the foundations over which the inter-
face laws are extended for the transitional phase between two rock
layers. We recall some well-established concepts related to bit/rock
interaction in isotropic-homogeneous rock formations. We also introduce
some novel parameters related to the transitional phase that will be
used in extending the interface laws.

2.1. Rate-independent interface laws and penetration per revolution of the
bit

We consider the normal mode of bit/rock interaction, where the bit
is drilling straight ahead. The response model of drilling with drag bits
in this normal mode consists of a set of relations between the weight-
on-bit 𝑊 , the torque-on-bit 𝑇 , the rate of penetration (ROP) 𝑉 , and
the angular velocity 𝛺.13,14 In this work, we use the coordinate basis
(𝐢𝑥, 𝐢𝑦, 𝐢𝑧) of the PDC bit system (see Fig. 2(a)). The 𝐢𝑧-axis coincides with
the bit axis of symmetry while pointing ahead of the bit and the origin
is selected at the reference point of the bit (located at the lowest point
on the bit profile). The coordinate basis of the bit system can also be
represented in the cylindrical coordinate basis (𝐢𝑟, 𝐢𝜔, 𝐢𝑧) as depicted in
Fig. 2(a).

The rate-independent bit/rock interface laws relate these dynamic
variables (𝑊 , 𝑇 ) to the kinematic variable 𝑑. During the transitional
phase between two rock layers, the extension of these interface laws
2

are formulated to be parameterized by the bit engagement 𝑈 in the
lower layer (as the evolution parameter), such that

𝑊 = 𝑊 (𝑑;𝑈 ), 𝑇 = 𝑇 (𝑑;𝑈 ). (1)

These functions 𝑊 , 𝑇 in (1) are averaged over at least one revolution of
the bit. The relations are assumed to be rate-independent, as supported
by experimental evidence from laboratory single cutter and drilling
tests conducted under kinematic control.21–24 The kinematic variable
𝑑 can also be understood as the penetration per revolution of the bit,
which represents the advance of the bit in the 𝐢𝐳 direction; see Fig. 2(b).
On the other hand, the parameter 𝑈 determines the portion of the bit
engaged in the lower layer during the transitional phase (to be detailed
in Section 2.5). Herein, we assume quasi-stationary drilling conditions
where the total WOB and the angular velocity (RPM) of the bit are
constant.

2.2. Equivalent blade concept

The concept of equivalent blade introduced in Refs. 14, 25 is adopted
to simplify the description of the interaction of the bit with the rock. To
illustrate this concept, first we consider that all PDC cutters mounted
along a bit blade on the bit body are as the outer (cutting) edge of
the bit defined by a two-dimensional curve  (red line) illustrated in
Fig. 2(a). Then let us imagine that as this curve  fully rotates about the
axis 𝐢𝑧 (without the bit advancing), the cutting profile surface (i.e., 
or  ′ as illustrated in Fig. 2(b)) generated by the bit can be equivalently
replaced by a rotation of the blade depicted in Fig. 2(a). Therefore, this
curve describes the geometry of the bit equivalent blade and thus the bit
shape.

In order to connect the concept of penetration per revolution and
equivalent blade, we note that in the nominal case (steady drilling
condition) the kinematic variable 𝑑0 (produced per bit revolution in the
time period 𝑡0 = 2𝜋∕𝛺0 with a nominal RPM 𝛺0) is also the instantaneous
depth-of-cut produced by the equivalent blade. Trivially, the rate of
volume of rock excavated is equal to 0 = 𝛺0𝑑0 ∫

𝑎
0 𝑟d𝑟 = 1

2𝑎
2𝑑0𝛺0,

and hence the total excavated rock volume rate per revolution is
𝛿0 = 𝑡00 = 𝜋𝑎2𝑑0. If the interface laws are indeed rate-independent,
the instantaneous depth-of-cut 𝑑 associated with the rotation of the
bit equivalent blade is the only kinematic variable needed. The laws
account for the effect of bit shape (to represent all contributions of the
orientations of PDC cutters on the bit).
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.3. Bit profile

A PDC bit is characterized by its height 𝑏 and its radius 𝑎. A radial
coordinate 𝑅 is the radial distance of a point located along the curve of
the blade profile from the bit axis of symmetry (i.e., 0 ≤ 𝑅 ≤ 𝑎), while
an axial coordinate 𝑍 is on the bit axis of symmetry with its origin at
the lowest point on the bit (i.e., 0 ≤ 𝑍 ≤ 𝑏); see Fig. 2(a). The function

𝑧 ∶= 𝑓 (𝑟) (2)

characterizes the bit profile (shape). This function maps the axial
coordinate 𝑧 = 𝑍∕𝑎 on the radial coordinate 𝑟 = 𝑅∕𝑎. In this work, we
consider a parabolic bit shape function 𝑓 (𝑟) as an illustrative example;
see Fig. 2(a). However, these extended bit/rock interface laws are valid
for a generic class of bit shapes, where we restrict the formulation of
the interface laws to bit profiles with 𝑓 ′(𝑟) = d𝑓∕d𝑟 > 0, for 0 ≤ 𝑟 ≤ 1.
Note that if the bit has a re-entrant (nose) shape (for which 𝑓 (⋅) is not
invertible), the values of 𝑟 can be multi-valued.

2.4. Local penetration

By reference to Fig. 2(b), let 𝑃 be a point on the bit cutting profile
, and 𝑃 ′ the point on the cutting profile  ′ produced after the axial
translation 𝑑 by the rotation of the cutting edge curve . The local
penetration variable 𝑝 is then defined as the projection of vector ⃖⃖⃖⃖⃖⃖⃖⃗𝑃 𝑃 ′

onto 𝐧̂, and equal to

𝑝 = 𝑑 cos 𝛼, (3)

where 𝛼 is the angle between the external normal direction 𝐧̂ of the
curve  and the direction 𝐢𝑧 (see Fig. 2(a)), i.e., tan 𝛼 = d𝑓∕d𝑟. Hence we
have

cos 𝛼 = 1
√

(𝑓 ′(𝑟))2 + 1
. (4)

The local penetration 𝑝 varies along the cutting profile of the blade
due to the effect of the bit shape (i.e., the profile function 𝑓 (𝑟)). Con-
sequently, each elementary part of the equivalent blade only considers
this local depth produced per revolution (in the view of local symmetry
between the rotational axis of the bit 𝐢𝑧 and the normal direction 𝐧̂ of
the cutting profiles).

2.5. Bit engagement

We introduce an engagement parameter 𝑈 that identifies the bit
portion being engaged in the lower layer (as depicted in Fig. 3(b)) and
acts as the evolution parameter for the weight and torque during the
transitional phase. The dimensionless engagement parameter 𝑢 ∈ [0, 𝑏∕𝑎]
3

is also introduced and is related to the parameter 𝑈 scaled by the bit
radius 𝑎:

𝑢 = 𝑈
𝑎
, for 0 ≤ 𝑈 ≤ 𝑏. (5)

In its initial position, the bit is assumed to be fully engaged in the
upper layer (i.e., 𝑢 = 0) with its reference point located on the interface
between the two layers. We also assume that the layer thickness 𝐻 ≥ 𝑏,

hich implies that the bit is at most engaging in these two consecutive
ayers during the transitional phase.

An alternative evolution parameter, 𝑄 ∈ [0, 𝑎], is also considered. It
s defined as the radial coordinate 𝑅 of the point on the blade profile
ocated at the interface, see Fig. 3(b). We consider its dimensionless
orm, 𝑞 = 𝑄∕𝑎, and use (2) to relate it with 𝑢 in (5) according to

= 𝑓 (𝑞), for 0 ≤ 𝑞 ≤ 1. (6)

arameter 𝑞 is used to identify which part of the bit is engaged in the
pper and lower rock layers, and can also be expressed uniquely in
erms of 𝑢 due to the invertibility of 𝑓 (⋅) (due to its monotonicity):
= 𝑓−1(𝑢), for 0 ≤ 𝑢 ≤ 𝑏∕𝑎.

.6. Parameters of the cutter/rock interface laws

Previous works in Refs. 12, 13 have identified the cutter/rock prop-
rties that enter the interface laws when drilling isotropic-homogeneous
ock formations (Fig. 3(a)). Firstly, the cutting component is parameter-
zed by: (i) the intrinsic specific energy 𝜀 (in the unit of pressure), and
ii) the constant number 𝜁 , characterizing the inclination of the cutting
orce. Secondly, the frictional contact component is parameterized by:
i) the coefficient of the friction 𝜇 (at the contact between the wear
lat and rock), (ii) the maximum contact pressure 𝜎 at the wear flat
nterface, and (iii) the wear flat length 𝓁 that describes its state of wear
bluntness) of the cutter.

. Bit/rock interface laws in the transitional phase

In this section, the interface laws in Refs. 12–14 will be extended
o the transitional phase by relating the WOB and TOB to the depth-
f-cut. Herein, we take into account the bit design properties, the state
f wear (bluntness) of the bit, the mechanical properties of the rocks
eing drilled, and the evolution of the bit engagement in the two layers
epicted in Fig. 3(b). In this extension, the upper and lower layers are
haracterized by their own distinct mechanical properties denoted by
he subscripts 𝑢 and 𝑙, respectively, i.e., 𝜀𝑢, 𝜇𝑢, 𝜎𝑢 for the upper layer
nd 𝜀 , 𝜇 , 𝜎 for the lower one.
𝑙 𝑙 𝑙
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Fig. 4. Cutting and friction components of the weight-on-bit and torque-on-bit.

3.1. Cutting component

Consider the length 𝐿 of the equivalent blade and its length element
𝐿 as depicted in Fig. 4 (the yellow-gold color; top-right). Note also that
= 𝐿∕𝑎 as the scaled length of the blade on the curvilinear coordinate
with respect to the bit profile (in dimensionless). The cutting force

cting on this element d𝐿 is 𝐟𝐜d𝐿, where 𝐟𝐜 is the force density with
dimension [𝐹𝑜𝑟𝑐𝑒∕𝐿𝑒𝑛𝑔𝑡ℎ]. This force density can be decomposed into the
horizontal component 𝐟𝐜𝐬 (along the surface) and the normal component
𝐟𝐜𝐧, i.e., 𝐟𝐜 = −𝑓𝑐𝑠𝐢𝝎 + 𝑓𝑐𝑛𝐧̂; refer to the side view in Fig. 4. Herein, the
torque on bit contributed by the cutting process is generated by the
horizontal component, for which its magnitude 𝑓𝑐𝑠 is given by

𝑓𝑐𝑠 = 𝜀𝑝. (7)

Note that 𝑝 is the local depth of penetration as described in (3). By
considering the relation d𝑅 = d𝐿 cos 𝛼 (equivalently d𝑟 = d𝑠 cos 𝛼 in
imensionless), the torque (contributed by this horizontal force density)
an be expressed by the following integration over the radial coordinate
n the bit

𝑐 = 𝑎2 ∫

𝜘

0
𝜀𝑝𝑟 d𝑠 = 𝑎2 ∫

1

0
𝜀𝑑𝑟 d𝑟 = 𝑎2

2
𝜀𝑑. (8)

In the transitional phase, the integration process in (8) must take into
account the bit engagement in the upper and lower layers, since the
intrinsic specific energy 𝜀 differs for the two layers. Consequently, this
integration is performed for adjusted intervals (i.e., for 𝑟 ∈ [0, 𝑞] for the
4

𝑓

lower layer and for 𝑟 ∈ [𝑞, 1] for the upper layer), which yields

𝑇𝑐 = 𝑇 𝑢
𝑐 + 𝑇 𝑙

𝑐 = 𝑎2

2
𝑑
(

𝜀𝑢
(

1 − 𝑞2
)

+ 𝜀𝑙𝑞
2) . (9)

Next, for the cutting contribution to the weight-on-bit, we focus on
the force density 𝐟𝐜𝐧 as depicted in the front and side views in Fig. 4.
The vertical component of force density with magnitude 𝑓𝑐𝑛 cos 𝛼 can
be integrated over the length element ds on the equivalent blade to yield
the WOB due to the cutting process

𝑊𝑐 = 𝑎∫

𝜘

0
𝜁𝜀𝑝cos𝛼 d𝑠 = 𝑎𝜁𝑑 ∫

1

0
𝜀 cos 𝛼d𝑟 = 𝑎𝜀𝑑𝜁∗. (10)

We define the nominal bit design parameter for the cutting component:
𝜁∗ ∶= 𝜁 𝜗𝜁 with

𝜗𝜁 ∶= ∫

1

0

1
√

(𝑓 ′ (𝑟))2 + 1
d𝑟, (11)

as we recall (4) to explicitly combine the orientation of the local cutting
force and the bit profile function 𝑓 (𝑟) which both affect the WOB. As for
the torque, the integral is split in two parts to account for the different
properties of the two rock layers, which gives

𝑊𝑐 = 𝑊 𝑢
𝑐 +𝑊 𝑙

𝑐 = 𝑎𝑑𝜁

(

𝜀𝑢 ∫

1

𝑞
cos 𝛼d𝑟 + 𝜀𝑙 ∫

𝑞

0
cos 𝛼d𝑟

)

. (12)

imilarly, from (4) and (12) we define the bit design parameters for
oth upper and lower layers (𝜗𝑢𝜁 (𝑞) and 𝜗𝑙𝜁 (𝑞), respectively) as follows:

𝑢
𝜁 (𝑞) ∶=

1
𝜗𝜁 ∫

1

𝑞

1
√

(𝑓 ′ (𝑟))2 + 1
d𝑟, 𝜗𝑙𝜁 (𝑞) ∶=

1
𝜗𝜁 ∫

𝑞

0

1
√

(𝑓 ′ (𝑟))2 + 1
d𝑟,

(13)

uch that 𝜗𝑢𝜁 (𝑞)+𝜗𝑙𝜁 (𝑞) = 1. By using (11) and (13) in combination with
4), 𝑊𝑐 in (12) can be rewritten as

𝑐 = 𝑎 𝜁∗ 𝑑
(

𝜀𝑢
(

1 − 𝜗𝑙𝜁
)

+ 𝜀𝑙 𝜗
𝑙
𝜁

)

. (14)

.2. Frictional contact component

Consider an element of wear flat on the equivalent blade in Fig. 4
ith the length element d𝐿 (e.g., the green color; bottom-right) for

alculating the frictional components of the weight-on-bit and torque-
n-bit. Due to the contact stress 𝜎 applied on the wear flat element in
he normal direction 𝐧̂, the force density 𝐟𝐟𝐧 generates the weight-on-bit.
his normal force density has magnitude
𝑓𝑛 = 𝜎𝜆. (15)
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In addition, the frictional force density 𝐟𝐟𝐬 in the horizontal direction
(along the surface) generates to the torque-on-bit, and its has magni-
tude 𝑓𝑓𝑠 = 𝜇𝑓𝑓𝑛. Note that 𝜆 is the radial distribution of the wear
flat length produced by each cutter on the blade. As we assume 𝜆 a
uniform radial distribution of the wear flat length, the combined wear
flat length on the contact surface of the equivalent blade is equal to 𝓁
in the horizontal direction of the blade (i.e., 𝓁 = ∫ 1

0 𝜆 (𝑟) d𝑟 = 𝜆).
Herein, the weight acting on the bit due to the frictional contact is

calculated along the blade length 𝐿 using the curvilinear coordinate 𝑠
with respect to the bit profile. By considering the scaled length 𝜘 = 𝐿∕𝑎
and the relation d𝑟 = d𝑠 cos 𝛼, this frictional component of WOB can
be written as the integral of the force density 𝑓𝑓𝑤 = 𝑓𝑓𝑛cos𝛼 with the
radial coordinate 𝑟 in the interval 𝑟 ∈ [0, 1]:

𝑊𝑓 = 𝑎∫

𝜘

0
𝜎𝜆cos𝛼d𝑠 = 𝑎𝜎 ∫

1

0
𝜆d𝑟 = 𝑎𝜎𝓁. (16)

In the transitional phase, again the integration interval in (16) is ad-
justed using the coordinate 𝑞, and thus the associated rock parameters
for the upper and lower layers are used. This leads to

𝑊𝑓 = 𝑊 𝑢
𝑓 +𝑊 𝑙

𝑓 = 𝑎𝓁
(

𝜎𝑢 (1 − 𝑞) + 𝜎𝑙𝑞
)

. (17)

Furthermore, the frictional force density with magnitude 𝑓𝑓𝑠 (using
a Coulomb friction model) contributes to the torque that can be written
in the following integral with the coordinate 𝑟 in the same interval:

𝑇𝑓 = 𝑎2 ∫

𝜘

0
𝜇𝜎𝜆𝑟 d𝑠 = 𝑎2𝜇𝜎 ∫

1

0

𝜆𝑟
cos𝛼

d𝑟 = 𝑎2

2
𝜇𝜎𝓁𝜉, (18)

as we consider a uniform radial distribution of the wear flat length
(𝜆 = 𝓁). We define the nominal bit parameter for the frictional contact
(by recalling from (4) that sec 𝛼 =

√

(𝑓 ′(𝑟))2 + 1):

𝜉 ∶= 2∫

1

0
𝑟
√

(𝑓 ′ (𝑟))2 + 1 d𝑟, (19)

which is associated to the orientation of the contact force on the wear
flat with respect to the bit shape 𝑓 (𝑟).

In the transitional phase, we again adapt the interval of the integra-
tion in (18) for the torque with the coordinate 𝑞 and use the associated
rock parameters. This gives

𝑇𝑓 = 𝑇 𝑢
𝑓 + 𝑇 𝑙

𝑓 = 𝑎2𝓁

(

𝜇𝑢𝜎𝑢 ∫

1

𝑞

𝑟
cos 𝛼

d𝑟 + 𝜇𝑙𝜎𝑙 ∫

𝑞

0

𝑟
cos 𝛼

d𝑟

)

. (20)

Similar to the cutting component, we also define the bit parameters of
the frictional component for both upper and lower layers (𝜗𝑢𝜉 (𝑞) and
𝑙
𝜉 (𝑞), respectively) as follows:

𝑢
𝜉 (𝑞) ∶=

2
𝜉 ∫

1

𝑞
𝑟
√

(𝑓 ′ (𝑟))2 + 1 d𝑟, 𝜗𝑙𝜉 (𝑞) ∶=
2
𝜉 ∫

𝑞

0
𝑟
√

(𝑓 ′ (𝑟))2 + 1 d𝑟,

(21)

uch that 𝜗𝑢𝜉 (𝑞) + 𝜗𝑙𝜉 (𝑞) = 1 holds. Hence, by also considering the
ollowing relation obtained from (17):

𝓁 =
𝑊𝑓

(

𝜎𝑢 (1 − 𝑞) + 𝜎𝑙 𝑞
) , (22)

the torque in (20) can be rewritten in terms of the weight 𝑊𝑓 ,

𝑇𝑓 =
(𝜇𝑢 𝜎𝑢 (1 − 𝜗𝑙𝜉 ) + 𝜇𝑙 𝜎𝑙 𝜗𝑙𝜉 ) 𝑎 𝜉

2
(

𝜎𝑢 (1 − 𝑞) + 𝜎𝑙 𝑞
) 𝑊𝑓 . (23)

ummarizing, Eqs. (9), (14), (17) and (23) represent the bit/rock
nterface laws, which map the depth-of-cut 𝑑 to the weight-on-bit and
orque-on-bit and also evolve with parameter 𝑞 during the transitional
hase.
5

Fig. 5. 𝐸 −𝑆 diagram for a given value of the bit engagement parameter 𝑢 under the
variations of hook-load 𝐻0 (determining the total weight-on-bit).

4. 𝑬 − 𝑺 diagram and drilling efficiency in the transitional phase
for quasi-stationary drilling

In this section, the bit/rock interface laws derived for the transi-
tional case are used to extend the 𝐸 − 𝑆 diagram and to derive ex-
pressions for the drilling efficiency. Under the assumed quasi-stationary
drilling conditions, the weight-on-bit 𝑊 applied by the BHA is in
equilibrium with the reaction force resulting from the interaction of
the cutters with the rock, i.e., 𝑊 = 𝑊𝑐 + 𝑊𝑓 , where 𝑊𝑐 and 𝑊𝑓 are
given in (14) and (17), respectively. Hence,

𝑊 = 𝑎 𝜁 𝜗𝜁
(

𝜀𝑢
(

1 − 𝜗𝑙𝜁
)

+ 𝜀𝑙 𝜗
𝑙
𝜁

)

𝑑 + 𝑎 𝑙
(

𝜎𝑢 (1 − 𝑞) + 𝜎𝑙𝑞
)

. (24)

Solving (24) for the penetration variable 𝑑 yields

𝑑 =

(

𝑊 − 𝑎 𝑙
(

𝜎𝑢 (1 − 𝑞) + 𝜎𝑙𝑞
))

𝑎 𝜁 𝜗𝜁
(

𝜀𝑢
(

1 − 𝜗𝑙𝜁
)

+ 𝜀𝑙 𝜗𝑙𝜁
) . (25)

Here, we see that the kinematic variable 𝑑 is a continuous function of
the engagement 𝑢 via the parameter 𝑞 according to (6).

4.1. 𝐸 − 𝑆 diagram for the transitional phase

Mechanical-specific-energy (MSE) 𝐸 is the quantity (in the unit of
pressure) representing the amount of energy dissipated to drill a unit
volume of rock. It accounts for both the work spent to fragment (cut)
the rock and for frictional dissipation, and is defined as follows:

𝐸 ∶= 2𝑇
𝑎2𝑑

, (26)

with the total TOB 𝑇 = 𝑇𝑐 + 𝑇𝑓 , where 𝑇𝑐 and 𝑇𝑓 are given in (9) and
(23), respectively. Drilling strength 𝑆 is defined as the quantity (in the
unit of pressure) that reflects the axial force imposed on the PDC bit
for producing the penetration variable 𝑑:

𝑆 ∶= 𝑊
𝑎𝑑

. (27)

By noting the relation between the torque 𝑇𝑓 and the weight 𝑊𝑓
in (23), the definition of MSE 𝐸 in (26) can be rewritten in terms of
drilling strength 𝑆 with respect to the bit engagement 𝑢 (or equivalently
𝑞 = 𝑓−1(𝑢)) as follows:

𝐸 =
(

𝐺𝑐
𝑞 − 𝛽𝑛𝑜𝑚𝜇𝑙𝐺

𝑓
𝜉 𝐺

𝑐
𝜁

)

𝜀𝑙 + 𝜇𝑙 𝜉 𝐺
𝑓
𝜉 𝑆, (28)

with the following definitions:

𝐺𝑐
𝑞 ∶=

(

𝑔𝜀
(

1 − 𝑞2
)

+ 𝑞2
)

, 𝐺𝑓
𝜉 ∶=

(𝑔𝜇 𝑔𝜎 (1 − 𝜗𝑙𝜉 ) + 𝜗𝑙𝜉 )
( ) ,

𝑔𝜎 (1 − 𝑞) + 𝑞
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𝐺𝑐
𝜁 ∶=

(

𝑔𝜀
(

1 − 𝜗𝑙𝜁
)

+ 𝜗𝑙𝜁
)

, 𝛽𝑛𝑜𝑚 ∶= 𝜉 𝜁∗. (29)

ere, we define the ratio of the associated rock mechanical parameters
n the cutting and frictional contact components of the interface laws
or two distinct rock layers as follows:

𝜀 ∶=
𝜀𝑢
𝜀𝑙

, 𝑔𝜇 ∶=
𝜇𝑢
𝜇𝑙

, 𝑔𝜎 ∶=
𝜎𝑢
𝜎𝑙

. (30)

This analytical expression of MSE characterizes the friction line illus-
trated in Fig. 5 for a particular value of parameter 𝑢; this is what we
call the 2D 𝐸 − 𝑆 diagram. Visualizing the dependency of 𝐸 and 𝑆 on

will lead to a 3D 𝐸 − 𝑆 diagram, and an example will be presented
n Section 5.

.1.1. Cutting point
An ideally sharp bit blade (characterized by a wear flat length 𝓁 ≈ 0)

s represented by the so-called cutting point in the 𝐸 − 𝑆 diagram (the
eft-most point on the friction line in Fig. 5). At the cutting point, all
he energy received by the bit is entirely used for the cutting process
ithout any frictional dissipation (𝑊𝑓 = 𝑇𝑓 = 0). For 𝑊𝑓 = 0, the
ominal value of depth-of-cut in (25) at the cutting point becomes

𝑐𝑝 =
𝑊

𝑎𝜁 𝜗𝜁
(

𝜀𝑢
(

1 − 𝜗𝑙𝜁
)

+ 𝜀𝑙 𝜗𝑙𝜁
) . (31)

or the cutting point, the MSE 𝐸 and drilling strength 𝑆 can be
xpressed as

𝑐𝑝 =
2𝑇𝑐
𝑎2𝑑𝑐𝑝

=
(

𝜀𝑢
(

1 − 𝑞2
)

+ 𝜀𝑙 𝑞
2) , (32)

𝑆𝑐𝑝 =
𝑊𝑐
𝑎𝑑𝑐𝑝

= 𝜁∗
(

𝜀𝑢
(

1 − 𝜗𝑙𝜁
)

+ 𝜀𝑙 𝜗
𝑙
𝜁

)

, (33)

ith the nominal bit parameter of the cutting component 𝜁∗ = 𝜁 𝜗𝜁 ;
ee in (11). This cutting point is also explicitly depicted in Fig. 5 and
epends on the parameter 𝑢.

.2. Drilling efficiency

The drilling efficiency is defined as the ratio between the intrinsic
pecific energy of the associated rock layer and the apparent specific
nergy,12,13 represented by the MSE 𝐸. Thus for the transitional phase

considered here, we refer to (32) for the intrinsic specific energy of the
two rock layers and (28) for the MSE 𝐸. Hence, the drilling efficiency
during the transitional phase is given by

𝜂(𝑞) =
𝐸𝑐𝑝

𝐸
=

(

𝜀𝑢
(

1 − 𝑞2
)

+ 𝜀𝑙𝑞2
)

(

𝐺𝑐
𝑞 − 𝛽𝑛𝑜𝑚 𝜇𝑙 𝐺

𝑓
𝜉 𝐺𝑐

𝜁

)

𝜀𝑙 + 𝜇𝑙 𝜉 𝐺
𝑓
𝜉 𝑆

. (34)

The drilling efficiency evolves during the transitional phase in view of
the dependence of 𝑞 on the engagement 𝑢.

5. Illustrative case study and analysis

Next, we illustrate the 𝐸 − 𝑆 diagram and the drilling efficiency
during the transition of the bit between two rock layers.

5.1. 𝐸−𝑆 diagram for the transitional phase: a transition from soft to hard
layers

During the transitional phase, 𝐸 and 𝑆 depend on the bit engage-
ment parameter 𝑢 ∈ [0, 𝑏∕𝑎]. For the illustrative case study presented
below, we consider the rock mechanical properties and the physical
characteristics of the drag bit listed in Table 1. A parabolic bit is
considered, with 𝑓 (𝑟) = 𝐴𝑧𝑟2, where 𝐴𝑧 is a positive constant.

Fig. 6 illustrates the evolution of MSE 𝐸 in terms of drilling strength
𝑆 as the bit transitions from a soft to a hard layers. Specifically, this
3D 𝐸–𝑆 diagram is depicted as a friction surface that maps all possible
2D friction lines for each bit engagement progression 𝑢 into the lower
6

t

Table 1
Bit and rock mechanical properties for soft and hard layers.

Parameter name Soft layer Hard layer Unit

Intrinsic specific energy (𝜀) 100 200 MPa
Contact pressure (𝜎) 100 200 MPa
Friction coefficient (𝜇) 0.5 1.0 [–]
Bit height (𝑏) 22.2 22.2 cm
Bit radius (𝑎) 10.8 10.8 cm

layer (i.e., the dashed lines for fixed values of 𝑢). As such, this 3-D 𝐸–𝑆
diagram constrains all the possible states of the bit response irrespective
of the WOB and the wear state of the bit.

For this particular example, the friction lines for several selected bit
engagement 𝑢 values are depicted in dashed-gray lines. The solid lines
characterize the transition from the soft-upper layer (𝑢 = 0 in green-
square) to the hard-lower layer (𝑢 = 𝑏∕𝑎 in blue-square) for a constant
weight 𝑊 applied to the PDC bit. The green and blue squares represent
the 2D friction lines for the homogeneous cases when the bit is fully
engaged in the soft and hard rock layers, respectively. Increasing the
weight 𝑊 moves the solid lines close to the red cutting line (reflecting
he ideal - no dissipation condition). The cutting points also evolve
uring the transition as a cutting line indicated by the red solid line

and only dependent on the bit/rock parameters — conforming (32) for
𝐸𝑐𝑝 and (33) for 𝑆𝑐𝑝.

Fig. 7(a) shows the 2D projections of the 3D 𝐸–𝑆 diagram (in Fig. 6)
based on several selected values of 𝑢. The dashed lines show the friction
lines for each 𝑢; see also the analytical sketch in Fig. 5. In addition,
Fig. 7(b) shows the 2D projection (in solid gray lines) of the 3D 𝐸 − 𝑆
diagram for each constant level of the applied weight 𝑊 , when the bit
traverses the interface from the soft-upper layer to the hard-lower one.
An important observation on the basis of Figs. 6 and 7(b) is that the bit
is constrained to nonlinear curves in 𝐸 − 𝑆 space during the transition
t a constant weight-on-bit.

.2. Drilling efficiency in transitional phase

Now we illustrate the variation of drilling efficiency given by (34)
n a soft-to-hard layers transition. As shown in Fig. 8(a), the drilling
fficiency increases with the increasing applied weight 𝑊 , and these

efficiency lines move closer to an efficiency 𝜂 = 1 (the red cutting
line) in which no frictional contact dissipation occurs. As expected, in
a soft-to-hard layers transition the drilling efficiency decreases with the
progression of 𝑢, and this confirms the reduction in the depth-of-cut 𝑑.

5.2.1. Comparison of the drilling efficiency for different bit profiles within
the transition from soft to hard layers

Notably, the transition of the drilling efficiency shows a nonlinear
dependency on 𝑢, which is related to the bit shape embodied in the
function 𝑓 (𝑟). To assess the effect of bit profile on the drilling efficiency,
we compare two different ideal bit profiles: (i) a linear function 𝑓 (𝑟) =
𝐴𝑧𝑟, (ii) a parabolic function 𝑓 (𝑟) = 𝐴𝑧𝑟2), both for a soft-to-hard layers
ransition.

Fig. 8(b) reveals that the drilling efficiency for the parabolic profile
hows more drop-off in the early phase of the transition (i.e., for small
alues of the engagement 𝑢) as compared to the drilling efficiency of the
inear profile. This can also be understood by realizing that, for small
alues of 𝑢 for the parabolic bit shape, a larger (radial) portion of the
it is engaged within the lower (hard) layer than for the same value
f 𝑢 for the linear bit profile — see in the inset in Fig. 8(b). This inset
hows both the linear and parabolic bit profiles with the same height
nd radius of which the values are listed in Table 1. Consequently, these
ive different values of the coordinate 𝑞 and the bit parameters 𝜗𝑙𝜁 and
𝑙
𝜉 for the cutting and frictional components, respectively, (see (29)) for

he calculations of drilling efficiency in (34).
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Fig. 6. 3D 𝐸 −𝑆 diagram under the variations of weight 𝑊 applied at the top side of PDC bit during the transitional phase from a soft-upper layer (green-square) to a hard-lower
layer (blue-square). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 7. 2D projections of 3D 𝐸 − 𝑆 diagram for the transitional phase of bit motion
from the soft-upper layer (green-square) to the hard-lower layer (blue-square). (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

6. Conclusions

This study has extended the bit/rock interface laws of fixed cut-
ter (PDC) bits, developed earlier in Refs. 12–14 for homogeneous
formations, to the case of a bit transitioning between two different
rock layers. In particular, the extended formulation of the interface
laws involves the adaptation of the rock mechanical properties and
bit-design parameters used in the cutting and frictional contact com-
ponents of the laws. Based on this novel bit/rock interaction model
we, firstly, constructed 3D 𝐸 − 𝑆 diagrams and, secondly, analyze the
drilling efficiency as a function of the bit engagement in the transitional
7

Fig. 8. Drilling efficiency during the transitional phase of bit motion from a soft-upper
layer to a hard-lower layer (𝑢 = 0: fully in soft layer, 𝑢 = 𝑏∕𝑎 = 2.05: fully in hard layer).
The dashed line is for the linear profile, while the solid line is for the parabolic profile.

phase between two layers. From the numerical examples, these aspects
have shown distinct characteristics of dynamic and kinematic variables
between the homogeneous formation and two-layered formation. In
addition, it has been shown that the 3D 𝐸 −𝑆 diagram and the drilling
efficiency are highly dependent on the bit shape for such transitional
phase (via the bit engagement) and deviate essentially from the well-
known 2D 𝐸 − 𝑆 diagram for homogeneous formation. This shows the
relevance of these novel bit/rock interface laws for analyzing drilling
efficiency. In addition, these interface laws can also be used in the
scope of dynamic drill–string models for layered formations (e.g., for
the analysis of vibrations).
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