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Incremental stability is a property of dynamical and control systems, requiring the uniform asymptotic
stability of every trajectory, rather than that of an equilibrium point or a particular time-varying trajec-
tory. Similarly to stability, Lyapunov functions and contraction metrics play important roles in the study of
incremental stability. In this paper, we provide characterizations and descriptions of incremental stability
in terms of existence of coordinate-invariant notions of incremental Lyapunov functions and contraction
metrics, respectively. Most design techniques providing controllers rendering control systems incremen-
tally stable have two main drawbacks: they can only be applied to control systems in either parametric-
strict-feedback or strict-feedback form, and they require these control systems to be smooth. In this paper,
we propose a design technique that is applicable to larger classes of control systems, including a class of
non-smooth control systems. Moreover, we propose a recursive way of constructing contraction met-
rics (for smooth control systems) and incremental Lyapunov functions which have been identified as a
key tool enabling the construction of finite abstractions of nonlinear control systems, the approximation
of stochastic hybrid systems, source-code model checking for nonlinear dynamical systems and so on.
The effectiveness of the proposed results in this paper is illustrated by synthesizing controllers rendering
two non-smooth control systems incrementally stable. The first example aims to show how to recursively
construct the incremental Lyapunov functions. The second example aims to show the key role of the com-
puted incremental Lyapunov function in constructing a finite abstraction that is equivalent to the system
under study.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

incremental input-to-state stability (8-ISS). Notions of §-GAS, §-ISS
and incremental Lyapunov functions, proposed in [1], are not co-

Incremental stability is a stronger property than stability for dy-
namical and control systems. In incremental stability, focus is on
convergence of trajectories with respect to each other rather than
with respect to an equilibrium point or a specific trajectory. Simi-
larly to stability, Lyapunov functions play an important role in the
study of incremental stability. In [1], Angeli proposed the notions
of incremental Lyapunov function and incremental input-to-state
Lyapunov function, and used these notions to provide character-
izations of incremental global asymptotic stability (6-GAS) and
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ordinate invariant, in general. Since most of the controller design
approaches benefit from changes of coordinates, in [2], the au-
thors proposed different notions of §-GAS and §-ISS which are
coordinate invariant. In [3], the authors proposed notions of in-
cremental Lyapunov function and incremental input-to-state Lya-
punov function that are coordinate invariant as well. We use these
new notions of Lyapunov functions to fully characterize the notions
of incremental (input-to-state) stability as proposed in [2]. Fur-
thermore, we provide sufficient conditions for coordinate invari-
ant incremental (input-to-state) stability in the form of contraction
metrics inspired by the work in [4].

The number of applications of incremental stability has in-
creased progressively in the past years. Examples include build-
ing explicit bounds on the region of attraction in phase-locking in
the Kuramoto system [5], modeling of nonlinear analog circuits [6],
robustness analysis of systems over finite alphabets [7], global
synchronization in networks of cyclic feedback systems [8], con-
trol reconfiguration of piecewise affine systems with actuator and
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sensor faults [9], construction of symbolic models for nonlinear
control systems [10-12], and synchronization [13,14]. Unfortu-
nately, there are very few results available in the literature regard-
ing the design of controllers enforcing incremental stability of the
resulting closed-loop systems. Therefore, there is a growing need
to develop design methods rendering control systems incremen-
tally stable.

Related works include the controller designs for convergence
of Lur'e-type systems [15,16] and a class of piecewise affine sys-
tems [ 17] through the solution of linear matrix inequalities (LMIs).
In contrast, the current paper does not require the solution of
LMIs and the existence of controllers is always guaranteed for the
class of systems under consideration. The quest for backstepping
design approaches for incremental stability has received increas-
ing attention recently. Recently obtained results include backstep-
ping design approaches rendering parametric-strict-feedback!
form systems incrementally globally asymptotically stable? us-
ing the notion of contraction metrics in [19-21], and backstep-
ping design approaches rendering strict-feedback! form systems
incrementally input-to-state stable® using the notion of contrac-
tion metrics and incremental Lyapunov functions in [2,3], respec-
tively. The results in [15] offer a backstepping design approach
rendering a larger class of control systems than those in strict-
feedback form input-to-state convergent, rather than incremen-
tally input-to-state stable. We will build upon these results in [15]
and extend those in the scope of incremental stability. The notion
of (input-to-state) convergence requires existence of a trajectory
which is bounded on the whole time axis which is not required
in the case of incremental input-to-state stability. The notion of
input-to-state convergence cannot be applied to the results in
[10-12], which require the uniform global asymptotic stability of
every trajectory rather than that of a particular trajectory that is
bounded on the entire time axis. See [2,22,23], for a brief compar-
ison between the notions of convergent system and incremental
stability.

Our controller synthesis techniques improve upon most of the
existing backstepping techniques in three directions:

(1) by providing controllers enforcing not only incremental global
asymptotic stability but also incremental input-to-state stabil-
ity;

(2) by being applicable to larger classes of control systems includ-
ing a class of non-smooth control systems;

(3) by providing a recursive way of constructing not only contrac-
tion metrics but also incremental Lyapunov functions.

In the first direction, our technique extends the results in [19-21],
where only controllers enforcing incremental global asymptotic
stability are designed. In the second direction, our technique
improves the results in [19-21], which are only applicable to
smooth parametric-strict-feedback form systems, and the results
in [2,3], which are only applicable to smooth strict-feedback form
systems. In the third direction, our technique extends the results
in [19-21,2], where the authors only provide a recursive way of
constructing contraction metrics, and the results in [15], where
the authors do not provide a way to construct Lyapunov functions
characterizing the input-to-state convergence property induced by
the controller. Note that, the explicit availability of incremental
Lyapunov functions is necessary in many applications. Examples
include the construction of symbolic models for nonlinear control
systems [11,24,25], robust test generation of hybrid systems [26],

1 See [18] for a definition.
2 Understood in the sense of Definition 2.2.
3 Understood in the sense of Definition 2.3.

the approximation of stochastic hybrid systems [27], and source-
code model checking for nonlinear dynamical systems [28]. Note
that incremental Lyapunov functions can be used as bisimulation
functions, recognized as a key tool for the analysis in [26-28].

Our technical results are illustrated by designing incremen-
tally input-to-state stabilizing controllers for two unstable non-
smooth control systems that do not satisfy the assumptions
required in [19-21,2,3]. The main objective of the first example
is to show how the incremental Lyapunov functions can be con-
structed recursively using the results in this paper. Regarding the
second example, we construct a finite bisimilar abstraction for the
resulting incrementally stable closed-loop system using the results
in [11], which, as we care to stress, only apply to incrementally sta-
ble systems with explicitly available incremental Lyapunov func-
tions (where the latter can be constructed on the basis of the results
in this paper). When a finite abstraction is available, the synthesis
of the controllers satisfying logic specifications expressed in linear
temporal logic or automata on infinite strings can be easily reduced
to a fixed-point computation over the finite-state abstraction [29].
Note that, satisfying those specifications is difficult or impossible to
enforce with conventional control design methods. Furthermore,
to add a discrete component to the problem, we assume that the
system is subject to a constraint expressed by a finite automaton.
We synthesize another controller on top of the resulting incremen-
tally stable closed-loop system satisfying some logic specification
explained in details in the example section.

The outline of the paper is as follows. Section 2 provides some
mathematical preliminaries, the definition of the class of control
systems that we consider in this paper, and stability notions. Sec-
tion 3 provides characterizations of incremental stability in terms
of existence of incremental Lyapunov functions and contraction
metrics. In Section 4, we present the proposed backstepping design
approach. Twoillustrative (non-smooth) examples are discussed in
detail in Section 5. Finally, Section 6 concludes the paper.

2. Control systems and stability notions

2.1. Notation

The symbols Z, N, No, R, RT and Rg denote the set of integer,
positive integer, nonnegative integer, real, positive, and nonnega-
tive real numbers, respectively. The symbols I;;, 0,55, and 0, de-
note the identity and zero matrices in R™™ and R™*", and the zero
vector in R™, respectively. Given a vector x € R", we denote by x;
the i-th element of x, by |x;| the absolute value of x;, and by ||x|| the
X2 +x3 4+ +x2for
x € R". Given a measurable function f : Rg — R", the (essen-
tial) supremum of f is denoted by ||f||c0; We recall that ||f || =
(ess)sup{[If (O)Il,t = O} and ||fllo,ry = (ess)sup{llf()Il.t €
[0, 7)}. A function f is essentially bounded if ||f||c < oc. For a
giventime r € RT, define f; so that f, (t) = f(t),forany t € [0, 1),
and f; (t) = 0 elsewhere; f is said to be locally essentially bounded
ifforany t € R*,f; is essentially bounded. A functionf : R" — Rg
is called radially unbounded if f (x) — oo as ||x|| — oo. The closed
ball centered at x € R™ with radius ¢ is defined by 8. (x) = {y €
R™ | |lx — y|| < &}. A continuous function y : R — Ry, is said
to belong to class X if it is strictly increasing and y (0) = 0; y is
said to belong to class K, if y € KX and y(r) — ocoasr — oo.
A continuous function g : Ry x Rj — R is said to belong to
class X L if, for each fixed s, the map S(r, s) belongs to class Koo
with respect to r and, for each fixed nonzero r, the map S(r, s)
is decreasing with respect to s and B(r,s) — 0Oass — oo.If
¢ : R" — R"is a global diffeomorphism and G : R" — R™"
is a smooth map, the notation ¢*G : R" — R™" denotes the
smooth map (¢*G)(x) = (%)TG((}')(X))(%). A Riemannian metric

Euclidean norm of x; we recall that || x|| =
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G : R" — R™" is a smooth map on R" such that, for any x € R",
G(x) is a symmetric positive definite matrix [30]. For any x € R"
and smooth functions I,] : R" — R", one can define the scalar
function (I, J)¢ as I (x)G(x)] (x). We will still use the notation (I, [ )¢
to denote I7 G even if G does not represent a Riemannian metric. A
functiond : R" x R" — Rg is ametricon R" if for any x, y, z € R",
the following three conditions are satisfied: (i) d(x, y) = 0 if and
only if x = y; (ii) d(x,y) = d(y, x); and (iii) (triangle inequal-
ity)d(x, z) < d(x,y) + d(y, z). We use the pair (R", d) to denote
a metric space R" equipped with the metric d. We use the nota-
tion dg to denote the Riemannian distance function provided by
the Riemannian metric G, as defined for example in [30]. We re-
fer to the proof of Lemma 3.12 in the paper for the definition of
d¢. For a set A C R", a metric d, and any x € R", we abuse the
notation by using d(x, ») to denote the point-to-set distance, de-
fined by d(x, 4) = inf,¢ 4, d(x, ). A function f is said to be smooth
if it is an infinitely differentiable function of its arguments. Given
measurable functions f : Rf — R"andg : Rf — R" we de—
fined(f, 8w = eSS)sup{d(f (t),g@),t > 0} and d(f, 2. =
(ess)sup{d(f(t), g(t)), t € [0, 7)}. The diagonal set A C R>" is

defined as: A = Iz ERM || I eR":z =[x, xT]T].

2.2. Control systems

The class of control systems that we consider in this paper is
formalized in the following definition.

Definition 2.1. A control system is a quadruple:
2 =®R"U,U,f),
where:

e R"is the state space;

e U C R™is the input set;

e U is the set of all measurable, locally essentially bounded
functions of time from intervals of the form ]a, b[C R to U with
a<0andb > 0;

e f:R" x U— R"isa continuous map satisfying the following
Lipschitz assumption: for every compact set Q C R", there
exists a constant Z € R™ such that ||f(x,u) — f(y, )| <
Z|lx —y| forallx,y € Q and allu € U.

A curve & :Ja, b[— R" is said to be a trajectory of X if there
exists v € U satisfying:

E() =f(EW®),v(),

for almost all t €]a, b[. Although we have defined trajectories over
open domains, we shall refer to trajectories £ : [0, t] — R" de-
fined on closed domains [0, t], t € RT with the understanding of
the existence of a trajectory £’ :]a, b[— R" such that & = &’|jo
witha < 0and b > t. We also write &, (t) to denote the point
reached at time t under the input v from initial condition x =
&4, (0); the point &, (t) is uniquely determined, since the assump-
tions on f ensure the existence and uniqueness of trajectories [31].

A control system X is said to be forward complete if every tra-
jectory is defined on an interval of the form ]a, oo[. Sufficient and
necessary conditions for a system to be forward complete can be
found in[32]. A control system X is said to be smooth if f is smooth.

2.3. Stability notions

Here, we recall the notions of incremental global asymptotic
stability (§5-GAS) and incremental input-to-state stability (83-ISS),
presented in [2].

Definition 2.2 ([2]). A control system X = (R", U, U, f) is incre-
mentally globally asymptotically stable (§5-GAS) if it is forward

complete and there exist a metric d and a X /£ function 8 such that
forany t € R}, any x, X' € R" and any v € U the following condi-
tion is satisfied:

d (50 (), &¢u () < B (d (x,X) ,t). (2.1)

As defined in [1], §-GAS requires the metric d to be the Eu-
clidean metric. However, Definition 2.2 only requires the existence
of a metric. We note that while §-GAS is not generally invariant un-
der changes of coordinates, 83-GAS is. When the origin is an equi-
librium point for X, with v(t) = O forallt € Rf{, and the map
YR > ]Rg, defined by ¥ (-) = d(-, 0), is continuous* and radi-
ally unbounded, both 83-GAS and §-GAS imply global asymptotic
stability.

Definition 2.3 ([2]). A control system X = (R", U, U, f) is incre-
mentally input-to-state stable (§5-ISS) if it is forward complete and
there exist a metricd, a X £ function §, and a K, function y such
thatforanyt € R}, anyx, ¥ € R",andany v, v’ € U the following
condition is satisfied:

d (50, (1), Evur () < B (d (. X),

By observing (2.1) and (2.2), it is readily seen that §3-ISS
implies §3-GAS while the converse is not true in general. Moreover,
whenever the metric d is the Euclidean metric, §5-ISS becomes
8-ISS as defined in [1]. We note that while §-ISS is not generally
invariant under changes of coordinates, 83-ISS is. When the origin
is an equilibrium point for X, with v(t) = Oforallt € RT, and
the map ¢ : R" — R, defined by ¥ (-) = d(-, 0), is continuous*
and radially unbounded, both §5-ISS and §-ISS imply input-to-state
stability [33].

O+y(lv-viy. @2

3. Characterizations of incremental stability

This section contains characterizations and descriptions of
83-GAS and §5-ISS in terms of existence of incremental Lyapunov
functions and contraction metrics, respectively. We note that only
the sufficiency part of Lyapunov characterizations of §3-GAS and
83-1SS were presented in [3]. In Section 4, we will use such incre-
mental Lyapunov functions and contraction metrics to synthesize
controllers rendering closed-loop systems incrementally stable.

3.1. Incremental Lyapunov function characterizations

We start by recalling the notions of an incremental global
asymptotic stability (63-GAS) Lyapunov function and an incremen-
tal input-to-state stability (§3-ISS) Lyapunov function, presented
in [3].

Definition 3.1 ([3]). Consider a control system X = (R", U, U, f)
and a smooth function V : R" x R" — RJ. Function V is called
a §3-GAS Lyapunov function for X, if there exist a metric d, K
functions «, @, and ¥ € R such that:
(i) for any x, ¥ € R",

a(d(x, X’)) < V(x,x) <a(dx X)),
(ii) for anyx X € R" andanyu € U,

PFxu) 4+ 2 u) < —kV(x,X).

Functlon V is called a 63-ISS Lyapunov function for X, if there exist
ametricd, X, functions o, @, o, and « € RY satisfying conditions
(i) and:
(iii) for any x, X € R” and for any u, u’ € U,

fxow) + & u) < =V X) 4o (Ju—u']).

4 Here, continuity is understood with respect to the Euclidean metric.
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To provide characterizations of §3-ISS (resp. 83-GAS) in terms of
the existence of 83-ISS (resp. §3-GAS) Lyapunov functions, we need
the following technical results.

Here, we introduce the following definition which was inspired
by the notion of uniform global asymptotic stability (UGAS) with
respect to sets, presented in [34].

Definition 3.2. A control system X = (R", U, U, f) is uniformly
globally asymptotically stable (U3GAS) with respect to a set A C
R" if it is forward complete and there exist a metric d, and a K £
function 8 such that for any t € ]Rg, anyx € R"and any v € U,
the following condition is satisfied:

d(€x (1), A) < B(d(x, A), t). (3.1)

We now introduce the following definition which was inspired
by the notion of uniform global asymptotic stability (UGAS) Lya-
punov functions in [34].

Definition 3.3. Consider a control system X = (R", U, U, f), aset
A C R", and a smooth function V : R" — Rg . Function V is called
a U3GAS Lyapunov function, with respect to #, for X, if there exist
a metric d, K, functions o, @, and ¥ € R™ such that:

(i) for any x € R",
a(d(x, 4)) < V(x) <a(d(x, A));
(ii) foranyx € R"and any u € U,
Wfxu) < —kV(X).

The following theorem characterizes U3GAS in terms of the
existence of a U3GAS Lyapunov function.

Theorem 3.4. Consider a control system X~ = (R", U, U, f) and a
set A C R™ If U is compact and d is a metric such that the function
¥(-) = d(.,y) is continuous* for any y € R" then the following
statements are equivalent:

(1) X is forward complete and there exists a U3GAS Lyapunov
function with respect to A, equipped with the metric d.
(2) X is UsGAS with respect to +, equipped with the metric d.

Proof. First we show that the function ¢(-) = d(-, +) is a contin-
uous function with respect to the Euclidean metric. Assume that
{x,}32, is a converging sequence in R" with respect to the Eu-
clidean metric, implying that ||x, — x*|] — 0 asn — oo for some
x* € R". By the triangle inequality, we have:

d(x*,y) <d(x*, %) +d (¥, x), (32)
foranyn € Nand any y € «. Using inequality (3.2), we obtain:

*\ * s *
¢ (x*) = d(x*, A) —ylgid(x .Y)

A

< ;2,& {d(x*, %) +d (v, %)}

= d (') + nfdy.x) =d(¥'.0) +¢ ). (33)
forany n € N.Using inequality (3.3) and the continuity assumption
on d, implying that lim,_, o, d (x*, x,) = d(x*, x*) = 0, we obtain
foranyn € N:

¢ (x) = inf {d(x",xn) + ¢ (tn)]

= ¢ (x*) < lim inf¢ (x,), (3.4)
n—oo

where a limit inferior exists because a lower bounded sequence of

real numbers always admit a greatest lower bound [35]. By doing

the same analysis, we have:

¢ (x*) = lim sup ¢ (x,) (3.5)

where a limit superior exists because an upper bounded sequence
of real numbers always admit a lowest upper bound [35]. Using
inequalities (3.4) and (3.5), one obtains:

¢ (X*) = nll>n;>lo¢ (xﬂ) ’

implying that ¢ is a continuous function with respect to the Eu-
clidean metric. Since ¢ (-) = d(-, ») is a continuous, positive semi-
definite function, by choosing w1 (-) = w,(-) = d(-, 4) in Theorem
1in [36], the proof completes.

Before showing the main results, we need the following techni-
cal lemma, inspired by Lemma 2.3 in [1].

Lemma 3.5. Consider a control system ¥ = (R", U, U, f). If X' is
83-GAS, then the control system ¥ = (R*", U, U, f), where f (¢, v)
= [f&, v, f&, )] and ¢ = [€], €1]', is UsGAS with respect
to the diagonal set A.

Proof. Since X is §3-GAS, there exists a metricd : R" x R" — Rg
such that property (2.1) is satisfied. Now we define a new metric
d:R¥ x R* — R} by:

d(z,7) = d(xy, X)) + d(x2, X)), (36)

T
T .
forany z = [xlT,sz] ,Z = [x/]T,x’zT] € R?". It can be readily

checked thAata satisfies all three condi%ions of a metric. Now we
show that d(z, A), forany z = [x],x}]" € R*", is proportional to
d(xq, xp) that will be exploited later in the proof. We have:

inf d(z,z') = inf H(["l] , [XD
ZeA X' eRN X2 X

= inf {d(x;, X) +d(x2, X))
€R"

X eR!

d(z, A)

IA

inf {d(x1,X) +d(xz, X))}
'=x1

X

= d(xq, x1) + d(x1, X) = d(xq, x2). (3.7)

Since d is a metric, by using the triangle inequality, we have:
d(x1, %) < d(x1,x) 4+ d(x,, x) forany X' € R", implying that:

d(x1, %) < inf {d(x;,X) +d(,x)} =d, A). (3.8)
X' eRM

Hence, using (3.7) and (3.8), one obtains:

d(x1. %) <d(z, A) < d(x. %) = d(x1.%) =d(z, 4). (3.9

Using equality (3.9) and property (2.1), we have:

(50, ) = H(Eiﬁg} , A) = d (5qu(0). £ (0)
< BUELx). 0=z 2).1),

foranyt € RY,anyz = [x{,xg]T € R*"and any v € U, where
Go=| M. T ]T. Hence, ¥ is U3GAS with respect to A.

XU

We can now provide the characterization of §3-GAS in terms of
existence of a §3-GAS Lyapunov function.

Theorem 3.6. Consider a control system ¥ = (R", U, U, f).If U
is compact and d is a metric such that the function ¥ (-) = d(-,y)
is continuous* for any y € R" then the following statements are
equivalent:

(1) X is forward complete and there exists a §3-GAS Lyapunov
function, equipped with the metric d.
(2) X is §3-GAS, equipped with the metric d.
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Proof. The proof from (1) to (2) has been provided in Theorem 2.6
in [3], even in the absence of the compactness and continuity as-
sumptions on U and d, respectively. We now prove that (2) im-
plies (1). Since X' is 83-GAS, using Lemma 3.5, we conclude that
the control system X, defined in Lemma 3.5, is U3GAS with respect
to the diagonal set A. Since ¥ (-) = d(-, y) is con/t\inuousi for any
y € R", it can be easily verified that the function w(i =d(-,2Z)is
also continuous* for any z’ € R?", where the metric d was defined
in Lemma 3.5. Using Theorem 3.4, we conclude that there exists a
U3GAS Lyapunov function V : R?" — ]Rg , with respect to the diag-
onal set A, for ¥ Thanks to the special form of f, using the equal-
ity (3.9), and slightly abusing notation, the function V satisfies:

wa(d([].2) = v([i]) =a(@([z]-4)) -
(x,X)) = V(x,x) < a(d(x, x));

i) [ 2] [fe ] = —ev ([F]) = 2oew + Frewow <
_KV(Xv X/)v

for any x, x' € R", any u € U, some K, functions «, @ and some
k € RT. Hence, V is a §3-GAS Lyapunov function for X. This com-
pletes the proof.

Before providing the characterization of §3-ISS in terms of
existence of a §3-ISS Lyapunov function, we need the following
technical lemma, inspired by Proposition 5.3 in [1]. By following
similar steps as in [1], we need to define the proximal point func-
tion saty : R™ — U, defined by:

saty(u) = arg min Hu’ - u” . (3.10)
u'ey

As explained in [1], by assuming U is closed and convex and since

l-]:R" — ]RO+ is a proper and convex function, the definition

(3.10) is well-defined and the minimizer of ”u/ - uH withu' € U

is unique. Moreover, by convexity of U we have:

saty(uq) — saty(uz) || < llug — uzll, Vug, u; € R™. (3.11)

Lemma 3.7. Consider a control system X = (R", U, U, f), where U
is closed and convex. If X' is §3-ISS, equipped with a metric d such
that ¥ (-) = d(-, y) is continuous* for any y € R", then there exists a
Koo function p such that the control system X = (R*", D, D, f)° is
U3GAS with respect to the diagonal set A, where:

= _ | f (&, saty(w1 + p(d(&1, £2))w2))
@ w)= [f(f;'z, saty(wr — p(d(1, sz»wz))] ’

¢ =[€1, €], D=Ux 80, andw = [o], 0}]".

Proof. The proofwas inspired by the proof of Proposition 5.3in[1].
We include the complete details of the proof to ensure that the
interested reader can assess the essential differences caused by
using the arbitrary metric d rather than the Euclidean metric. Since
X' is 83-ISS, equipped with the metric d, there exist some K .L
function 8 and X, function y such that:

A (0), §vy (D)) < max{B(d(x,X), ), y (v = V'll0)}-

Note that, inequality (3.12) is a straightforward consequence of
inequality (2.2) in Definition 2.3 (see Remark 2.5 in [33]). Using
the results in Lemma 3.5 and the proposed metric d in (3.6), we
have that d(x, ) = d(z, A), where z = [x", x/T]T. Without loss
of generality we can assume «(r) = B(r,0) > r forany r € R*.

(3.12)

5 D is the set of all measurable and locally essentially bounded functions of time
from intervals of the form Ja, b[C RtoD witha < Oand b > 0.

Let p be a K function satisfying p(r) < 3 "o (™' (r)/4) (note
that y, o € K ). Now we show that

v ([202(00 (@G (0), 2)]) < d(z, 2)/2,
forany t € RJ,anyz € R*",and any w = [o], wg]T € D.Since y
is a Ko function and w,(t) € B,(0,,) for any t € R, it is enough
to show

y (20 (d(Go (1), A))) < d(z, 2)/2.

Since

y (20 (d(2,,(0), A)))

(3.13)

(3.14)

v (20 (A, 2)))
a1 (d(z, 4)) /4 < d(z, A)/4,

IA

and ¢(-) = E(-, A) is a continuous* function (see proof of The-
orem 3.4), then for all t € R small enough, we have y(Zp@

(Lw(t), A))) < d(z, A)/4. Now, let

ti=inf{t > 0]y (2p (d(Lw(t), 1)) > d(z, A)/2} .

Clearly t; > 0. We will show that t; = oco. Now, assume by con-
tradiction that t; < oo. Therefore, the inequality (3.14) holds for
allt € [0, t1). Hence, forall t € [0, t;), one obtains:

v (20200 (A2 (), D)) < ¥ (20 (A0 (), 4)))

<d(z, 4)/2 < a (dz, 4)) /2. (3.15)
Let v and v’ be defined as:
u(t) = saty (@1(t) + p (d(Zz0 (1), 4)) w2(0)) .
v'(t) = saty (1(6) — p (d(Zz0 (1), 2)) 02(1)) .
By using (3.11), we obtain:
lu®) = V'Ol < |202(0)p (G (®), 1)) -
Using (3.12) and (3.15), we have:
(L), A) = d (5 (1), &0 (D) < B (d(x,x),0)

= (dz 2),0) =« (dz, 4)), (3.16)

foranyt € [0, t;),any w € D,andany z = [, x’T]T € R?", Using
p(r) < 3y~1o (a'(r)/4), the inequality (3.16) implies that

v (20 (%o (1), A))) < d(z, A)/4,

for any t € [0, tq). Since the function ¥ (-) = d(-, A) is continu-
ous,* the inequality (3.17) contradicts the definition of t;. There-
fore, ty = o0 and inequality (3.13) is proved for all t € R:{.
Therefore, using (3.12) and (3.13), we obtain:

(G0 (6), A) = d (5 (b), Eeur (1)
<max {B (dx,x),t),y (lv—V'llx)}
< max {B (d(x, X), t) , v (2020 (520, D) ] )}
< max {B (ﬁ(z, A),t) ,d(z, A)/2},

(3.17)

for any z = [xT,x/T]T € R", any w € D, and any t € R{. Since
B is a XL function, it can be readily seen that for eachr > 0
if d(z, A) < r, then there exists some T, > 0 such that for any
t>T.B @2, A), t) < r/2and, hence, d(¢;,(t), A) < r/2.Now
we show that the set A is a global attractor for the control system
X.Forany ¢ € RT, let k be a positive integer such that 27%r < &.
Letry =randr; =r_y/2fori > 2,andlett =T, + T, +---+T,.
Then, for t > 7, we have a(g“zw(t), A < 2% < ¢ for all
d(z, A) < r,and all w € D. Therefore, it can be concluded that
the set A is a uniform global attractor for the control system X.
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Furthermore, since d(¢,,,(£), A) < B (&(z, A),0) forallt € Ry,

allz € R?", and all w € D, the control system Y is uniformly
globally stable and as shown in [36], it is U3GAS.

Finally, the next theorem provides a characterization of §3-ISS
in terms of the existence of a 3-ISS Lyapunov function.

Theorem 3.8. Consider a control system ¥ = (R", U, U, f).If Uis
compact and convex and d is a metric such that the function ¥ (-) =
d(-, y) is continuous® for any y € R" then the following statements
are equivalent:
(1) X is forward complete and there exists a 83-ISS Lyapunov
function, equipped with metric d.
(2) X is 63-ISS, equipped with metric d.
Proof. The proof from (1) to (2) has been shown in Theorem 2.6
in [3], even in the absence of the compactness and convexity
assumptions on U and the continuity assumption on d. We now
prove that (2) implies (1). As we proved in Lemma 3.7, since X' is
83-ISS, it implies that the control system X, defined in Lemma 3.7,
is U3GAS with respect to A. Since ¢ () = d(~,’y) is cor}ginuous“
for any y € R", it can be easily verified that ¥ (-) = d(., Z') is
continuous? for any z/ € R?", where the metric d was defined in
the proof of Lemma 3.5. Using Theorem 3.4, we conclude that there
exists a UsGAS Lyapunov function V, with respect to A, for X. By
using the special form of X, defined in Lemma 3.7, the equality
(3.9), and slightly abusing notation the function V satisfies:

0e([7]2)) = V() = =@(7]-2)) = wo
(x, %)) < V(x,¥) <a(d(xx));
for any x, X' € R", some K, functions «, @ and
(if)
[ av av } [f(x, saty(d; + p(d(x, X/))dz))]
ax ox' | |f(,saty(dr — p(d(x, X))dy))

o ()

av
= gf(x, saty(d; + p(d(x, x))d2))

av
+ Wf(X’, saty(d; — p(d(x, x))d2))

< —kV(x,X), (3.18)

for some k € R, any x, X' € R", and any [dq, dg]T € D. By choos-
ingd, = w+v)/2andd, = (u — u')/R2p(d(x,x"))) for any
u,u’ € U, it can be readily checked that [d7, dg]T € U x B1(0y),
whenever 2p(d(x, X)) > |lu — u'|. Hence, using (3.18), we have
that the following implication holds:

if(d(x,x)) > |u—1|, then

a—Vf(x, u) + 8—vf(x/, u) < —kV(x, X), (3.19)
0x ox’

where ¢(r) = 2p(r). As shown in Remark 2.4 in [33], there is no
loss of generality in modifying inequalities (3.19) to

v % /o A / ’
—fxuw+ —f&, u) < —kVEX)+o(lu—ul,
0x 0x’

for some X, function o and some ¥ € R™, which completes the
proof.

3.2. Contraction metrics description

In addition to incremental Lyapunov functions, the §5-GAS and
83-ISS conditions can be checked by resorting to contraction

metrics. The interested reader may consult [37] for more detailed
information about the notion of contraction metrics. Note that, for
all definitions and results in this subsection we require function
f to be continuously differentiable which was not the case in
the characterizations of incremental stability using incremental
Lyapunov functions.

Now we recall the notions of contraction metrics, presented
in [37,2].

Definition 3.9 ([37]). Let ¥ = (R", U, U, f) be a smooth control
system on R" equipped with a Riemannian metric G. The metric G
is said to be a contraction metric, with respect to states, for system
Y if there exists some A € R such that:

(X, X)r < —A(X, X)c. (3.20)
for F(x, u) = (%)T G(x) + G(x)g—{< + %f(x,u),anyu € U,X € R",
and x € R". The constant A is called the contraction rate.

Note that when the metric G is constant, the condition (3.20) is
known as the Demidovich’s condition [15,38,39]. It is shownin[15]
that such condition implies §-GAS and the convergent system
property for X.

Definition 3.10 (/2]). Let ¥ = (R", U, U, f) be a smooth control
system on R" equipped with a Riemannian metric G. The metric G
is said to be a contraction metric, with respect to states and inputs,
for system X if there exist some » € R™ and « € R{ such that:

(X, X)r +2<afY,X> < —A{X,X)g +¢x(X,X)§(Y, Y)%
G

- 2, (321)

for F(x, u) = (i)T G(x) + G(x)% + %¢f(x, u),any X € R",x € R",

x
u € U,and Y € R™ The constant A is called the contraction rate.

The following theorem shows that the existence of a contraction
metric, with respect to states and inputs, (resp. with respect to
states) implies 83-ISS (resp. 63-GAS).

Theorem 3.11. Let ¥ = (R", U, U, f) be a smooth control system
on R" equipped with a Riemannian metric G and let U be a convex
set. If the metric G is a contraction metric, with respect to states and
inputs, (resp. with respect to states) for system X and (R", d;) is a
complete metric space, then X is 63-ISS (resp. 63-GAS).

Proof. Since (R",d;) is a complete metric space, using the
Hopf-Rinow theorem [40], we conclude that R" with respect to the
metric G is geodesically complete. The rest of the proof is inspired
by the proof of Theorem 2 in [4]. Consider two points x and x" in R"
and a geodesic x : [0, 1] — R" joiningx = x(0) and X' = x(1).
The geodesic distance between the points x and x’ is given by:

1 T
dG(x,x/)=/ \/(dﬁ(s)> GO s) X gs.
0 s ds

Consider the straight line ¥;(s) = (1 — s)uv(t) + sv’(t), for fixed
t € R(f, fixed v, v" € U, and for any s € [0, 1]. The curve ; is a
geodesic, with respect to the Euclidean metric, on the subset U C
R™ joining v (t) = X;(0) and v'(t) = ¥:(1). Consider also the input
curve v defined by vs(t) = ;(s). Let I(t) be the length of the curve
&, (s)vs (t) parametrized by s and with respect to the metric G, i.e.:

(3.22)

1
10 = / VBETG (Eus (1) S50,
0

_ d
WIth 88 = &y, (0)- (3.23)
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In the rest of the proof, we drop the argument of the metric G for
the sake of simplicity. By taking the derivative of (3.23) with re-
spect to time, we obtain:

1 4d T
i = / i (P6765)
de o 2,/8ETGSE

ds,

8T ((%)T G+ f + G%) 8€ + 2807 (%)T Gok
N /o 2,/6E7Gok

where $v = Zu,(0).

Since G is a contraction metric, with respect to states and inputs,
with A and « the constants introduced in Definition 3.10, the fol-
lowing inequality holds:

d x a !
—I(t) < —=I(t) + = v suTsuds
de 2 2 Jo

A

-~

_ )Ll o ’
= IO+ Zv©O VO]

Using (3.24) and the comparison principle [41], we obtain:

(3.24)

7Zt o 7Zt /
I(t) = e7271(0) + Ze 2 x lu(t) — v (D]

IA

_Zt (%4 —2[ /
e 21(0)+7(1—e ) v = v/l

IA

vy o /
e 2 I(OH_T”U_U lloc

where * denotes the convolution integral.? From (3.22) and (3.23),
it can be seen that [(0) = dg(x, X'). However, for t € R™, I(t) is
not necessarily the Riemannian distance function, determined by
G, because &, (5),, (t) is not necessarily a geodesic, implying that it
is always bigger than or equal to the Riemannian distance func-
tion’: d¢ (&, (1), v (1)) < I(t), and, hence, the following inequal-
ity holds:

x o
d (5w (1), Eur (1) < e 2'dg(x,X) + TIIU = U'[leos

which, in turn, implies that X is §3-ISS. The proof for the case that
G is a contraction metric, with respect to states, can be readily ver-
ified by just enforcing §u(t) = 0 and v(t) = v'(t) forany t € Rg.

Since completeness of the metric space (R", d;) is crucial to
the previous proof, the following lemma provides a sufficient
condition on the metric G guaranteeing that (R", d;) is a complete
metric space.

Lemma 3.12. The Riemannian manifold R" equipped with a Rieman-
nian metric G, satisfying® w||y||> < y'G(x)y forany x, y € R" and for
some positive constant w, is complete as a metric space, with respect
to dc.

Proof. The proof was suggested to us by C. Manolescu. First, for
each pair of points x, y € R" we define the path space:

22(x,y) = {x : [0, 1] — R" | yx is piecewise smooth,
x(0) =x, and x (1) = y}.

Recall that a function x : [a, b] — R" is piecewise smooth if y is
continuous and if there exists a partitioninga = a; < a; < --- <

_i i
b e 2t s o) — V'Ol = fy e 2 u(r) = v'(1)|dr.
7 Note that given a Riemannian metric G, the Riemannian distance function is the
smallest distance, determined by G.

8 This condition is nothing more than uniform positive definiteness of G.

ax = b of [a, b] such that x| q;,) is sSmoothfori=1,..., k- 1.
We can then define the Riemannian distance function dg(x, y) be-
tween points x, y € R" as

i VA0 dx(s)
xelfzn(g,y)/o \/( ds ) G(x(s) oS ds.

It follows immediately that dg is a metric on R". The Riemannian
manifold R" is a complete metric space, equipped with the metric
d¢, if every Cauchy sequence®of points in R” has a limit in R". As-
sume {x,}°2 , is a Cauchy sequence in R", equipped with the metric
d;. By using the assumption on G, we have

. U rdx )\ dx(s)
xeﬂl&f,x,n)/o \/< ds ) Cx ) ds ds

dx(s)\" dx(s) d
S

do(x,y) =

dG(xn’ xm)

v

Jo inf

T x€R20n.xm) Jo

= Jallx — xul. (325)

It is readily seen from the inequality (3.25) that the sequence
{xn}o2 , is also a Cauchy sequence in R" with respect to the Eu-
clidean metric. Since the Riemannian manifold R" with respect
to the Euclidean metric is a complete metric space, the sequence
{xn}o2, converges to a point, named x*, in R". By picking a con-
vex compact subset D C R", containing x*, and using Lemma 8.18
in [30], we have: w||y||> > y'G(x)y foranyy € R", x € D, and
some positive constant w. Since the sequence {x,},- ; converges to
X* € D, there exists some integer N such that the sequence {x,};2
remains forever inside D. Hence, we have:

JOlxn — x| < de(n, *) < V@l|x, — x|,

for any n > N. Therefore, the sequence {x,};>, converges to x* €
R", equipped with the metric d;. Therefore, R" with respect to the
metric d; is a complete metric space.

Resuming, in this section we have provided a characteriza-
tion of 63-GAS and §5-ISS in terms of the existence of §3-GAS and
83-1SS Lyapunov functions and we have provided sufficient condi-
tions for §3-GAS and §5-ISS in terms of the existence of a contrac-
tion metric. Based on these results, in the next section, we propose
a backstepping controller design procedure, providing controllers
rendering control systems incrementally stable. Additionally, we
will provide incremental Lyapunov functions and contraction met-
rics (the latter for smooth control systems).

4. Backstepping design procedure

The backstepping method proposed here is inspired by the
backstepping method, described in [15,18]. Here, we will extend
this approach to render the closed-loop system §5-ISS and to con-
struct 83-ISS Lyapunov functions. Consider the following subclass
of control systems:

2:{ﬁ=f(n,§),

i (4.1)

where x = [y7,z"] € R™™™ is the state of X, y and z are initial
conditions for n, ¢-subsystems, respectively, and v is the control
input.

In support of the main result of this section (Theorem 4.2), we
need the following technical result.

9 A sequence {x,}> ; in a metric space X, equipped with a metric d, is a Cauchy
sequence if limy ;- 0o d(Xp, X)) = 0.
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Lemma 4.1. Consider the following interconnected control system

n=fm, ¢ v),
e =28 V).

Let the n-subsystem be 83-ISS with respect to ¢, v, as inputs, and
let the ¢-subsystem be 83-ISS with respect to v for some metrics d,
and d;, respectively, such that the solutions ny;Um and ¢,, satisfy the

following inequalities:
dn (nyCU(t)v ny’{’u’(t)) = .317 (dn (y, )") s t)
+ Ve (dg (¢, §/)oo)

(4.2)

+ro (Jlv=v].). (43)
d; (Lo (D), Ly (D) < B (d; (2.7) 1)
+7 (Jlv =) (44)

wherey, y' and z, z’ are the initial conditions for the n, { -subsystems,
respectively. Then, the interconnected control system X in (4.2) is
83-ISS with respect to v.

The proof of the preceding result can be found in the Appendix
and is inspired by the proof of Proposition 4.7 in [1].

We can now state the main result of this section, on a backstep-
ping controller design approach for the control system X' in (4.1),
rendering the resulting closed-loop system §3-ISS.

Theorem 4.2. Consider the control system X of the form (4.1). Sup-
pose there exists a continuously differentiable function v : R™ —
R"™ such that the control system

Zyin=fm,¥m+0) (4.5)

is 83-ISS with respect to the input U. Then for any A € R, the state
feedback control law:

~ 5 ~
v =k(n.£.D) = A& — ¥ () + aif(n)f(n, O+0 (46)

renders the control system X 85-ISS with respect to the input .

Proof. Consider the following coordinate transformation:

— | X = — n
= [m] == [; - wn)]

where § = [, ;T]T. In the new coordinate x, we obtain the
following dynamics:

X1 = O, () + x2)
X2=v— @(Xl)f (X1, v (1) + x2) -

(4.7)

The proposed control law (4.6), given in the new coordinate x by
v = k(x1, x2 + ¥ (x1), V)

oy ~
= —Ax2+ @()m)f (1, ¥ (x) + x2) + v, (4.8)
transforms the control system ¥ into:
= . )x =00, v () + x2).
DI A B3 49
{X2=—)\X2+U- (4.9)

Due to the choice of y, the x;-subsystem of Y is 63-ISS with re-
spect to x». It can be easily verified that the x,-subsystem is input-
to-state stable with respect to the input U. Since any ISS linear

10 Notation nycv denotes a trajectory of n-subsystem under the inputs ¢ and v
from initial conditiony € R™.

control system is also 8-ISS [1], x2-subsystem is also §-ISS!! with
respect to U. Therefore, using Lemma 4.1, we conclude that the con-
trol system X is 83-ISS with respect to the input v. Since, §3-ISS
property is coordinate invariant [2], we conclude that the original
control system X in (4.1) equipped with the state feedback control
law in (4.6) is 83-ISS with respect to the input U which completes
the proof.

Remark 4.3. The §5-ISS property of system X, in (4.5) can be
established, for example, using the approaches provided in [15,17]
for some relevant classes of control systems (such as piece-wise
affine systems and Lur’e-type systems).

Remark 4.4. We should emphasize that incremental stability
requires the uniform asymptotic stability of every trajectory and
can, in general, not be achieved by just asymptotically stabilizing a
particular time-varying trajectory using conventional techniques.
For instance, the first example in [22], see also [23], illustrates
a two-dimensional nonlinear system which is globally uniformly
convergent, i.e. exhibits a uniformly globally asymptotically stable
trajectory, but it is not globally incrementally stable. Hence, the
induction of incremental stability by means of feedback requires
different controller synthesis techniques, such as e.g. the proposed
one here.

Remark 4.5. The result of Theorem 4.2 can be extended to the case
that we have arbitrary number of integrators:

7‘2 =f(77= ;1)7
&1=20,
g:k =v.

Note that in this case, the functions f and ¥ must be sufficiently
differentiable.

Although the proposed approach in Theorem 4.2 provides a
controller rendering the control system X of the form (4.1) §3-
ISS, it does not provide a way of constructing 83-ISS Lyapunov
functions or contraction metrics. In the next lemmas, we show
how to construct incremental Lyapunov functions and contraction
metrics for the resulting closed-loop system, recursively. Note that
the constructed incremental Lyapunov functions can be used as
a necessary tool in the analysis in [11,24,26,28]. We will show in
the example section how the explicit availability of an incremental
Lyapunov function helps us to use the results in [11] to construct
a finite bisimilar abstraction for an incrementally input-to-state
stable (non-smooth) control system.

Lemma 4.6. Consider the control system X of the form (4.1). Suppose
there exists a continuously differentiable function ¢ : R™ — R%
such that the smooth function V : R™ x R™ — R{ is a §3-ISS
Lyapunov function for the control system

Zyon=fm, ¥ +0),

and with respect to the control input U. Assume that v satisfies
condition (iii) in Definition 3.1 for some k € R and some o € K,
satisfying o (r) < kr? for somex € R* and any r € R]. Then the
function V : Rm*Me x R+ — RY, defined as

Ve X) =V y) + i —ym) — @ = v DI

/T

(4.10)

where x = [yT,zT]T and X' = [y ,z’T]T, is a 83-ISS Lyapunov

function for X' as in (4.1) equipped with the state feedback control
law (4.6) for all & > <HEL

1T We recall that §-ISS property is equivalent to §3-ISS property with respect to
the Euclidean metric.
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Proof. As explained in the proof of Theorem 4.2, using the pro-
posed state feedback control law (4.6) and the coordinate trans-
formation ¢ in (4.7), the control system X of the form (4.1) is
transformed to the control system X in (4.9). Now we show that

VRR) =V@E.R) + & %) & %)),

. : ~ ~ T

is a 83-ISS Lyapunov function for X, whereX = [x],%}] andX =
T = A ~

[xT1,X7;] are the states of X and Xy, %), and X;, X, are the states

of x1, x2-subsystems, respectively. Since Visa 83-ISS Lyapunov
function for x;-subsystem when y; is the input, it satisfies con-
dition (i) in Definition 3.1 using a metric d asfollows:

2R, %) < V@ELR,) < a@R, ),

for some o, @ € K. Now we define a new metricd : R™*% x
R — RI by

dRX) =dR®. %) + % — %

It can be readily checked that d satisfies all three conditions of a
metric. Using metric d, function V satisfies condition (i) in Defini-
tion 3.1 as follows:

p@RT) <VET) <7 @R.T)).

where 1, 7T € Koo, 1t (AR, X)) = 2(d®,%;)) + [R2 — %2, and
m @()?75’)) = a(d(x;,X),)) + [X2 — %, ||>. Now we show that V sat-
isfies condition (iii) in Definition 3.1 for 3. Since Visa 83-ISS Lya-
punov function for x;-subsystem when y; is the input, > > Hzﬁ
o (r) < %r?, and using the Cauchy Schwarz inequality, we have:

(4.11)

1% _ »
= [FGL v &) +%)", —3%] + uT]T

1%
o @y @) + %), %7, + 7]

v v .
= 71f6{\1» V(X1 +%) + 87](6?]’ V() +%,)
1

+2@® — %) (<3 + 1) — 20 — )" (—AR, + )
< —kV@®.®) + o (R - %)
—20[R — Ryl + 2@, — %) @ — W)
< —kV@R,R) +RIR — %2
— 2%y — Ryl1? + 21[% — Ry T — T
< —kV®,T)) + TR — %12
— 24[[% — X1 + IRy — %1% + T — T2
< —kVRX) + [a -T2

The latter inequality implies that V' is a 3-ISS Lyapunov function
for X. Since 63-ISS Lyapunov functions are coordinate-invariant
[3], we conclude that the function V : R™+% x R+ — RY,
defined by

Vxx) = V(. o)
= V@) +lE =) - @ =y DI,

is a 63-ISS Lyapunov function for X, as in (4.1), equipped with the
state feedback control law in (4.6).

Remark 4.7. One can use the LMI based results in [15-17] to find
a quadratic 63-ISS Lyapunov function for system ¥, in (4.10).

Remark 4.8. It can be verified that the backstepping design ap-
proach for strict-feedback form control systems, proposed in [3],
is a special case of the results in Lemma 4.6. The results in [3] can

be easily obtained by recursively applying the results proposed in
Lemma 4.6. Moreover, one can construct a metric d for a strict-
feedback form control system, satisfying (2.1) or (2.2), by recur-
sively applying the construction in (4.11) and applying the change
of coordinate in (4.7).

The next lemma shows how to construct contraction metrics for
the closed-loop system resulting from the backstepping controller
synthesis technique in Theorem 4.2.

Lemma 4.9. Consider the control system X of the form (4.1) and
assume function f is smooth. Suppose there exists a continuously
differentiable function ¥ : R™ — R™ such that the metric G :
R™ — R™*™ {s a contraction metric, with respect to states and
inputs, for the control system

Xy =f@, ¥ +0),

satisfying the condition (3.21) for some A € R and o € Ra'. Then

= oy \ ay oy
w_ e (5 ) 5 - (5)
G(x) o

Iy

_E .

where x = [yT, ZT]T, is a contraction metric, with respect to states
and inputs, for X as in (4.1) equipped with the state feedback control

law in (4.6) for all & > .

Proof. As explained in the proof of Theorem 4.2, using the
proposed control law (4.6) and the coordinate transformation ¢ in
(4.7), the control system X' of the form (4.1) is transformed to the
control system X in (4.9). Now we show that the metric

G@ — G()?]) Onnxnc ,
On[ X"U Iﬂ[
is a contraction metric, with respect to states and inputs, for ¥,
~ g T. ~ o~ o~
where’x = [xq?g] is the state of X, and X7, and x; are states of
X1, X2-subsystems, respectively. It can be easily seen that G is pos-

itive definite because G is positive definite since it is a contraction
metric for X,. Now we show that G satisfies the condition (3.21)

for the control system . Since G is a contraction metric, with re-
spect to states and inputs, for y;-subsystem when y; is the input,
we have:

T
)?{ ((8{) 6@1)4—6@1)1
3X1 8X1

3G ~ N~
+ —f&, ¥y &) +%) | X1 + 2@ — | G&)X;
X1 90X,

< TRTGEIR +o (RTCRR) P (RI%)?

for any X, % € R", X,,%, € R%, some A € RT, and some
o € R;.By choosing A > %},using(él.lZ), and the Cauchy Schwarz
inequality we obtain the chain of inequalities in (4.13) for any
X = [XTX/Z]T € R"He, anyX = [RTRL]' € R™*%, any Y € R,

and some A € RT.

A, =% +a"\
X X1 (U = ”]>G®

(4.12)

Alf, —2% +1l" G [fRy, v @) + %)
+ O + ay[ Ut ]
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—— T

Xi T | Onyx X1 ST
_)A(]+2Y ["I"n{"f] C® A] = [X X; ]
<§> G(l)+G(1 = + Af GC]

1

. 5 R
(7{ > G(xy)
L sz

_5(\1 Y. > 5%
?z] +2Y"X, < = (X1, Xa)e

—2,,

1 -~ o~
+a (X1 Xi)2 (X, Xz) — 20X1 X, +2Y™X,

< A X Xi)z — szx2

+2VYTY XIX + (X1, X )

1

< TRR) +2(%.R) (v, V) (4.13)

G In( :

Hence, G is a contraction metric, with respect to states and in-
puts, for X. Since a contraction metric, with respect to states and
inputs, is coordinate invariant [2], we conclude that G = ¢*G is
a contraction metric, with respect to states and inputs, for X' as
in (4.1) equipped with the state feedback control law in (4.6). This
completes the proof.

Remark 4.10. It can be verified that the backstepping design
approach for strict-feedback form control systems, proposed in [2],
is a special case of the results in Lemma 4.9. The results in [2] can
be easily obtained by recursively applying the results proposed in
Lemma 4.9.

5. Example

We illustrate the results of this paper on two different ex-
amples. Both examples are unstable non-smooth control systems
that does not satisfy the assumptions required in [19-21,2,3].
The results in [15] also cannot be applied here because they would
result in a closed-loop system which is input-to-state convergent
rather than §5-ISS. The first example involves a four-dimensional
control system and aims to show how to recursively construct a
83-ISS Lyapunov function. The second example involves a two-
dimensional non-smooth control system and aims at elucidating
the role of incremental Lyapunov functions in enabling the con-
struction of finite abstractions of nonlinear control systems. The
reader interested in additional examples can also consult [42] for a
physical example on a synchronous generator to which the results
proposed in Lemmas 4.6 and 4.9 can be applied recursively.

5.1. Example 1

The example in this section illustrates the application of the
results in the paper to design controllers rendering a system in-
crementally stable and to recursively construct a §3-ISS Lyapunov
function. Consider the following non-smooth control system:

77:1 =—n1 + Insl,
N =—n2+ sat(nl)sat(ns) (5.1)
773—'l3+7717)2773+n3+§1, ’
gl—gl‘i‘(] +773+U
where sat : R — R is the saturation function, defined by:
-1 ifx < —1,
sat(x) = if|x|] <1, (5.2)
1 ifx > 1.

It can be readily verified that for v(t) = Oforany t € RS’, Xis
unstable at (0, 0, 0, 0), implying that X is not 63-ISS. By introduc-
ing the feedback transformation U = ¢; + ¢; + 13 + v, the control
system X' is transformed into:

N1 = —m + Insl,

1a = —1n, + sat(n1)sat(n3),
73 =13+ mmans + 3 + G,
0 =70.

3

Now by choosing V() = —4n3 — n1nan3 — r@ and substituting
¥ (n) + v instead of £;, we obtain the following n-subsystem:

= —m sl
X, 1 {2 = —m2 + sat(n)sat(n3),
M3 =n3+mmns+n;+ v +0=—-3n;+70.

It remains to show that f,, is 83-ISS with respect to . We will do
so in a recursive fashion. First we show that the control system:

o~

Xyt =—n1+ In3l, (5.3)

is §3-ISS with respect to the input ;73 By choosing the function
Vi1, y) = 01— y])2 where y; and y] are states of 21, and using
the Cauchy Schwarz inequality, we have that:

Myt sh + 2yt )
3y1 1 3 a / 1 3
< =2(y1 —¥)? +2|y1 —Yillys = Y5l

< Vi1, YD) + lys — 5%

showing that V; is a §3-ISS Lyapunov function for 21 in (5.3) and,
hence, X' is §3-ISS with respect to the input n3. Second, we show
that the control system:

3, 1y = —n, + sat(ny)sat(n3), (5.4)

is 83-ISS with respect to inputs 77 and 7s. Similarly, it can be shown
that the function V5 (y,, y5) = (y2— y2)2 where y; andy) are states
of 22, is a 63-ISS Lyapunov function for Ez in (5.4). Hence, Z‘z is
83-1SS with respect to inputs 77 and ns. Third, it can be shown in a
similar fashion that the control system:

Ts i3 =—3n3+7,
is 83-ISS with respect to the input v v. By virtue of Lemma 4.1, we

conclude that the control system Z‘ is 83-ISS with respect to v.

By using the results in Theorem 4.2 for the control system ¥, we
conclude that the state feedback control law:

0
v+ v o

U = k(n, ¢, 0) oy

= —A(&1

= =1 (&1 4403 + mimans +13)
+ (13 + mmans + n+ o) (—4—mna — 37)%)
—n2n3 (=01 + M) — min3
X (—mn2 + sat(nq)sat(n3)) + v, (5.5)

renders the control system 2‘83—155 with respect to input v, for any
A € R*. Therefore, the state feedback control law

v="k(n,¢,0) =k, £,0) — & — & — 03, (5.6)

renders the control system X §5-ISS with respect to input v.
Let us now aim for finding a §5-ISS Lyapunov function V
R* x R* — R/ for the control system ¥ in (5.1), equipped with

the state feedback control law k in (5.6). It can be shown that the
N 2 2 N2
function V(y,y') = (y1 —¥,) +(v2 = ¥5) "+ (v3 — ¥4) isad3-ISS



M. Zamani et al. / Systems & Control Letters 62 (2013) 949-962 959

Lyapunov function for the control system E,,. Using Theorem 4.6,
we conclude that the function:

Vx,x) = V@, y) + 1@ — v () — @ — v
=01 =YD+ 02 —Y) + (3 —¥y)°
+ ((21 +4ys +y1y2y3 +¥3)
— @+ sV Y +y) (5.7)

where x = [y1, 2, V3, z1]7 is the state of X, is a 83-ISS Lyapunov
function for the control system E equipped with the state feedback
control law k in (5.6) with A > Z'
We simulate the closed-loop system with A = 5 and v(t) = 10
sin(2t), foranyt € ]R;r. In Fig. 1, we show the closed-loop trajecto-
ries stemming from the initial conditions (1, 1, 1, 1) and (—1, —1,
1, —1), respectively. The figure shows that indeed, by virtue of
the 63-ISS property, both trajectories converge to each other.

5.2. Example 2

Consider the following non-smooth control system:

5 {m = sat(m) + n1 4 5¢1, (5.8)

;1—§1 +771+U

where sat : R — R is the saturation function, defined in (5.2).

It can be readily verified that X is unstable at (0, 0), implying
that X' is not 85-ISS. Note that here we require §3-1SS and a 63-ISS
Lyapunov function in order to construct a finite equivalent abstrac-
tion using the results in [11]. By introducing the feedback transfor-
mation U = ¢} +n? + v, the control system X is transformed into
the following form:

{771 = sat(n1) + 11 + 541,

3
§1—U

Now by choosing ¥ (1) = —ny and substituting ¥ (1) +U instead
of £, we obtain the following n-subsystem:

B, 1 = sat(ny) 4+ m 4+ 5 (m) + T) = sat(nr) — 4ny + 50.

It remains to show that f,, is 83-1SS with respect to U. By choosing
the function V; (y1,y;) = (v1 — ¥})? where y; and y/ are states of
%, and using the Cauchy Schwarz inequality, we have that:

7 (sat ()

1% -~
W (sat(yq) — — 4y, + 5U)

1

< —8(y1 —¥))? +2ly1 — ¥ | Isat(y:) — sat(y})
+10(y: — Y@ =) < =81 —¥)* + 201 — y))?
+10(y1 — Y@ =) < =51 — Y + 2501 —U)?

showing that V; is a §5-ISS Lyapunov function for f,, and, hence,
X, is 83-ISS with respect to U. By using the results in Theorem 4.2

for the control system >, we conclude that the state feedback con-
trol law:

-~

d
U = k(n,¢1,0) = =A(& — ¥ () + af;ﬁ]fh + v
= —A (&1 +m) — (sat(m1) +n1 +58) + v,

renders the control system E(S;—ISS with respect to input v, for any
A € R™. Therefore, the state feedback control law

v =k, &1, 0) = kg1, &1, 0) — n? = £2, (5.9)

makes the control system X §3-ISS with respect to input v.

Using Lemma 4.6, we conclude that the function V : R?> x R?> —
Ry, defined by:

Vi, ¥ + @ — v o) — (2 — v o))
W =V + (@ +y1) — @ +9))°
= (x —x’)TP (x—X)

= (x—)" B }] (x—x),

where x = [y;, z;]" is the state of X, is a 83-ISS Lyapunov function
for the control system X equipped with the state feedback control
law kin (5.9) with A > 245+ Here, we choose 1 = 16.

It can be readily verlfled that the function V(x, X) = /V(x x)
is also a 63-ISS Lyapunov function for the control system X
equipped with the state feedback control law k in (5.9) with A >

V(x, x)

B satisfying:
(i) forany x, X' € %, /Amin(P) [x — X|| < VX, X) < +/Amax(P)
Ix = x'II;

(i) for anyx, X € R?andforanyii, ' € U C R, %f (x,?(x, )+

W, *x, ) < —2. 5V(x,X) + A‘;;‘L(‘;‘)

—V(x.2)| = Z2By —z;

where Anin(P), and An.x(P) indicate, respectively, the minimum
and maximum eigenvalues of P. Note that, the property (iii) is a
consequence of Proposition 10.5 in [29].

Finite abstractions are simpler descriptions of control systems,
with finitely many states, in which each state of the abstraction
represents a collection or aggregate of states in the control system.
Similar finite abstractions are used in software and hardware mod-
eling, which enables the composition of such (hardware/software)
abstractions with the finite abstraction of the control system.
The result of this composition are finite abstractions capturing
the behavior of the control system interacting with the digital
computational devices. Once such abstractions are available, the
methodologies and tools developed in computer science for veri-
fication and controller synthesis purposes can be easily employed
to control systems, via these abstractions. However, for construct-
ing a bisimilar finite abstraction, using the results in [11] which
does not impose any restriction on the sampling time, the control
system is required to be incrementally stable and to exhibit an in-
cremental Lyapunov function. The incremental stability property
bounds the error propagations coming from discretization of the
state space and input set in the process of constructing the finite
bisimilar abstractions. We refer the interested readers to [29] for
more detailed information about the finite abstractions and their
great advantages in controller synthesis problems.

Now, we construct a finite abstraction S(X) for the control sys-
tem X, equipped with the control input v in (5.9), using the re-
sults in [11]. We assume that v(t) € U = [-10, 10], for any
t e ]R(f , and v belongs to set U that contains piecewise con-
stant curves of duration T = 0.1 second (7 is the sampling time)
taking values in [U] , = {ﬂ € U | u=0.5k k € Z}. We work
on the subset D = [—1, 1] x [—1, 1] of the state space X. For
a given precision'? ¢ = 0.1 and using properties (i)-(iii) of V
we conclude that D should be quantized with resolution of n =
0.009, using the results of Theorem 4.1 in [11]. The state set of
S(X)is[D], = {x € D|x; =k, ki € Z,i =1, 2}. It can be read-
ily seen that the set [D],, is finite. The computation of the finite

(iii) foranyx,y, z € R?, |V(x,y)

12 The parameter ¢ is the maximum error between a trajectory of the control
system and its corresponding trajectory from the finite abstraction at times kr,
k € Ny, with respect to the Euclidean metric.
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Time

Time

Time

Time

Fig. 1. Evolution of 1y, 13, 13, and ¢; with the input v(t) = 10sin(2t) and initial conditions (1, 1, 1, 1), and (—1, —1, —1, —1), respectively.

Fig. 2. Finite system describing the schedulability constraints. The lower part of the
states are labeled with the outputs a and u denoting availability and unavailability
of the microprocessor, respectively.

abstraction S(X') was performed using the tool Pessoa [43]. Us-
ing the computed finite abstraction, we can synthesize controllers,
providing v in (5.9), satisfying specifications that are difficult to
enforce with conventional controller design methods. Here, our
objective is to design a controller navigating the trajectories of X,
equipped with the control input v in (5.9), to reach the target set
W = [—0.05, 0.05] x [—0.05, 0.05], indicated with a red box in
Fig. 3, while avoiding the obstacles, indicated as blue boxes in Fig. 3,
and remain indefinitely inside W. Furthermore, we assume that the
controller is implemented on a microprocessor, which is executing
other tasks in addition to the control task. We consider a schedule
with epochs of three time slots in which the first slot is allocated to
the control task and the other two to other tasks. A time slot refers
to a time interval of the form [kz, (k + 1)t [ with k € N and where
7 is the sampling time. Therefore, the microprocessor schedules is
given by (depending on the initial slot):

|auu|auulauu|auu|auul|auul|auul - - -,
|uualuualuualuualuualuualuual - - -,

|uau|uau|uau|uau|uau|uau|uaul - - -,

where a denotes a slot available for the control task and u denotes
a slot allotted to other tasks. We assume that in unallocated time
slots, the input v is identically zero. The schedulability constraint
on the microprocessor can be represented by the finite system in
Fig. 2.

A controller, providing v in (5.9) and enforcing the specification
has been designed by using standard algorithms from game theory,
implemented in Pessoa, where the finite system is initialized from
state g,, see second sequence above. In Fig. 3, we show the closed-
loop trajectories of X', equipped with the control input v in (5.9)
(including the additional controller for v) and stemming from the
initial conditions [0.8, 0.9] and [—0.8, —0.9]. Itis readily seen that
the specifications are satisfied. In Fig. 4, we show the evolution
of the input signal v in (5.9) corresponding to the two initial

1 :
0.8 frmmigomnaie
0.6 ,’(/‘
04 H
02 | d : s
g ol r
ear N
04|
0.6 |-
08 .
.
-1 L 1 i
1 -08 -06 -04 -02 o 02 04 06 08 1

Fig. 3. Evolutions of the closed-loop system with initial conditions (0.8, 0.9), and
(—0.8,—0.9).

5

— initial condition: (0.8, 0.9)
0
-5 L
-10
0.5 1 1.5 2 25 3 3.5 4 4.5 5
10 [—initial condition: (-0.8, -0.9)
5 I 7]
¢ LU
0o
-5
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

time

Fig.4. Evolutions of the input signals vy and v,, corresponding to initial conditions
(0.8, 0.9), and (—0.8, —0.9), respectively.

conditions. It can be easily seen that the schedulability constraint
is also satisfied, implying that the control input v is identically zero
at unallocated time slots.

Resuming, we employed the results in this paper to render
the closed-loop system incrementally stable and to construct an
incremental Lyapunov function for the closed-loop system. The
explicit availability of an incremental Lyapunov function allowed
us to use the results in [11] to construct a finite abstraction S(X')
for the control system X in (5.8), equipped with the control input
in (5.9). This finite abstraction allowed us to use tools developed
in computer since to synthesize a controller satisfying some logic
specifications difficult to enforce using conventional controller
synthesis methods.
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6. Discussion

In this paper we provided the characterizations of incremen-
tal stability, defined in [2], in terms of existence of incremental
Lyapunov functions, defined in [3]. We also provided sufficient
conditions for incremental stability in terms of contraction met-
rics. Moreover, we developed a backstepping procedure to design
controllers enforcing incremental input-to-state stability (or con-
traction properties) for the resulting closed-loop system. The pro-
posed approach in this paper generalizes the work in [19-21,2,3]
by being applicable to larger classes of control systems and the
work in [15] by enforcing incremental input-to-state stability
rather than input-to-state convergence. Moreover, in contrast
to the proposed backstepping design approach in [15], here we
provided a way of constructing incremental Lyapunov functions,
which are known to be a key tool in the analysis provided in [11,
24,26,28]. As we showed in one of the examples in the paper, the
explicit existence of an incremental Lyapunov function helps us to
use the results in [11] to construct a finite bisimilar abstraction for
a resulting incrementally stable closed-loop (non-smooth) control
system.
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Appendix

Proof of Lemma 4.1. The proof was inspired by the proof of
Proposition 4.7 in [1]. The essential differences lie in the choice
of the metric for the overall system X using the metrics for 7, ¢-
subsystems. We provide the proof so that it can be easily compared
with the proof in [1]. Using (4.3), (4.4) and triangle inequality, the
chain of inequalities in (A.1) hold, where € KXy and 8, B € XL
in (A.1) are defined as following:

y(r) = By (3v: @¥ (1)), 0) + B, Byu(r), 0)
+ Ye (2)7u(r)) + Vv(r)y

Br.t) =B, (38, (r.t/2).t/2),
B(r,0) = B, (3vc (2B:(r, 0)) . £/2) + v (2B: (1, £/2)
d, (nytv(t)v ny’{’u’(t))
< By (dy (7o (t/2), nyens (£/2)) . £/2)
+7 (df (¢ 5/)[r/2,oo)) + 7 (”U - U/”[t/Z,oo))
< By (B, (). ¥). t/2)
+ v (de (6.8) )+ (Ju=v']) . t/2)
+7 (d§ ({, éJ)[t/;oo)) + % (HU - U/H[t/z,oo))
< By (38,(d, (v.¥). t/2), t/2)
+By (B (de (2.¢7),,) - 1/2)
+ By (3% (v — V'll) - 0)
+7 (d§ ({, éJ)[t/;oo)) + % (HU - U/H[t/z,oo))
< By (38,(d, (v.¥). t/2), t/2)
+ By (37c (B (de (2,2)),0) + 7 (Ju = '] ) . £/2)
+ By (370 (v = V1) 0) + 7 (45 (2.1 500)

Y (HU - H [[/2,00))

< By (36,(d, (. ¥, t/2), t/2)
+ By (3c (2B (d; (2.7),0)) . £/2)
+By B (2% (Jv = ') - £/2)
+ By 3% (v — V') . 0)

TV (di (C, g/)[t/z,oo)) + W (”U - U/H[t/z,oo))
< By (38,(d,(v.¥). t/2),1/2)
+ By (37 (2B¢ (d; (2,2),0)) , £/2)
+ By B (27 (Jv = v'])) - 0)
+ By (370 (Ilv = V') - 0)
+ v (Be (d; (z.2) . t/2)
+ B (10 = Vlle0)) + 20 ([0 = 012,00 )
< B, (38,(d,(1.¥). /2).1/2)
+ By (3vc (2B (d; (2.2).0)) . t/2)
+ By Bre (27 (Jv = ') - 0)
+ By (3% (Iv = V'll) . 0)
+ 7 (2B (d; (2,2) . £/2)) + v (27 (v = V'll0))
+r (Jv=v')
<B(d,0.9).t) + B (dez.2), ) + 7 (Ilv = V'lls0) -

Now we define a new metricd : R™ 1% x R™* — R by:

A~ N~ o~

(A1)

dix,x) =d,(y,y) +d.(z,2), (A2)

T T T

for any x = [yT,zT]T € Rt and X' = [y .z ] e Rt

It can be readily checked that d satisfies all three conditions of a
metric. By defining &, = [n],,,, ;ZTU]T, using inequalities (4.4) and

(A1), and forany t € R}, any x, ¥ € R™*™™% and any v, v’ € U,
we obtain:

d (5 (1), Evur (1))
= d, (yco (0), nyero () + dg (G (), L2 (1))
< B (dy@.9). 1) + B (de(z.2). 1) + 7 (v — v'll0)
+Bc (de (2.2).6) + 70 (Jv =] )
<B(d,0,y) +d:(z,2), t) + B (d,(v.y) + d; (2, 2),t)
+ B (4,0, Y) +d; (2,2),6) + 7 (v — Vlloo)
+7 (v =)
<BAx.x).t)+y (lv—1llx),
where 8 € KL and y € K are defined as following:
B(r.t) =B(r.t)+ B(r.0) + B (r. D),
y(r) =y ) + ().

Hence, the overall system X of the form (4.2) is §3-ISS with respect
tov.

(A.3)

References

[1] D. Angeli, A Lyapunov approach to incremental stability properties, IEEE
Transactions on Automatic Control 47 (3) (2002) 410-421.

[2] M. Zamani, P. Tabuada, Backstepping design for incremental stability, IEEE
Transaction on Automatic Control 56 (9) (2011) 2184-2189.

[3] M. Zamani, R. Majumdar, A Lyapunov approach in incremental stability,
in: Proceedings of 50th IEEE Conference on Decision and Control and European
Control Conference, 2011, pp. 302-307.

[4] N. Aghannan, P. Rouchon, An intrinsic observer for a class of Lagrangian
systems, IEEE Transactions on Automatic Control 48 (6) (2003) 936-945.


http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref1
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref2
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref4

962 M. Zamani et al. / Systems & Control Letters 62 (2013) 949-962

[5] A. Franci, A. Chaillet, W. Pasillas-Lepine, Phase-locking between kuramoto
oscillators: robustness to time-varying natural frequencies, in: Proceedings of
the 49th IEEE Conference on Decision and Control, 2010, pp. 1587-1592.

[6] B.N. Bond, Z. Mahmood, Y. Li, R. Sredojevic, A. Mergretski, V. Stojanovic,
Y. Avniel, L. Daniel, Compact modeling of nonlinear analog circuits using
system identification via semidefinite programming and incremental stability
certification, IEEE Transactions on Computer-Aided Design of Integrated
Circuits and Systems 29 (8) (2010) 1149-1162.

[7] D.C. Tarraf, A. Megretski, M.A. Dahleh, A framework for robust stability of
systems over finite alphabets, IEEE Transaction on Automatic Control 53 (5)
(2008) 1133-1146.

[8] A.Hamadeh, G.B. Stan, R. Sepulchre, J. Goncalves, Global state synchronization
in networks of cyclic feedback systems, IEEE Transactions on Automatic
Control 57 (2) (2012) 478-483.

[9] JH. Richter, W.P.M.H. Heemels, N. van de Wouw, ]. Lunze, Reconfigurable
control of piecewise affine systems with actuator and sensor faults: stability
and tracking, Automatica 47 (4) (2011) 678-691.

[10] G. Pola, A. Girard, P. Tabuada, Approximately bisimilar symbolic models for
nonlinear control systems, Automatica 44 (10) (2008) 2508-2516.

[11] A. Girard, G. Pola, P. Tabuada, Approximately bisimilar symbolic models
for incrementally stable switched systems, IEEE Transactions on Automatic
Control 55 (1) (2009) 116-126.

[12] G. Pola, P. Tabuada, Symbolic models for nonlinear control systems: alternat-
ing approximate bisimulations, SIAM Journal on Control and Optimization 48
(2)(2009) 719-733.

[13] G.Russo, M. di Bernardo, Contraction theory and the master stability function:
linking two approaches to study synchnorization in complex networks, IEEE
Transactions on Circuit and Systems II 56 (2009) 177-181.

[14] G.-B.Stan, R. Sepulchre, Analysis of interconnected oscillators by dissipativity
theory, IEEE Transaction on Automatic Control 52 (2) (2007) 256-270.

[15] A. Pavlov, N. van de Wouw, H. Nijmeijer, Uniform Output Regulation of
Nonlinear Systems: A Convergent Dynamics Approach, Springer, Berlin, 2005.

[16] A. Pavlov, N. van de Wouw, H. Nijmeijer, Global nonlinear output regulation:
convergence-based controller design, Automatica 43 (2007) 456-463.

[17] N. van de Wouw, A. Pavlov, Tracking and synchronisation for a class of PWA
systems, Automatica 44 (2008) 2909-2915.

[18] M. Krstic, I. Kanellakopoulos, P.P. Kokotovic, Nonlinear and Adaptive Control
Design, John Wiley and Sons, 1995.

[19] J. Jouffroy, ]. Lottin, Integrator backstepping using contraction theory: a brief
methodological note, in: Proceedings of 15th IFAC World Congress.

[20] B.B. Sharma, LN. Kar, Contraction based adaptive control of a class of
nonlinear systems, in: Proceedings of IEEE American Control Conference, 2009,
pp. 808-813.

[21] B.B.Sharma, L.N. Kar, Design of asymptotically convergent frequency estimator
using contraction theory, IEEE Transactions on Automatic Control 53 (8)
(2008) 1932-1937.

[22] B.S. Ruffer, N. van de Wouw, M. Mueller, Convergent systems vs. incremental
stability, Systems and Control Letters 62 (2013) 277-285.

[23] B.S. Rueffer, N. van de Wouw, M. Mueller, From convergent dynamics to
incremental stability, in: Proceedings of the 51th IEEE Conference on Decision
and Control, 2012, pp. 2958-2963.

[24] A. Girard, Controller synthesis for safety and reachability via approximate
bisimulation, Automatica 48 (5) (2012) 947-953.

[25] ]J. Camara, A. Girard, G. Gossler, Synthesis of switching controllers using
approximately bisimilar multiscale abstractions, in: Proc. of 14th Int. Conf.
Hybrid Systems: Computation and Control (HSCC).

[26] A.A.]ulius, G.E. Fainekos, M. Anand, . Lee, G.J. Pappas, Robust test generation
and coverage for hybrid systems, in: Proc. of 10th Int. Conf. Hybrid Systems:
Computation and Control (HSCC).

[27] A.A. Julius, G.J. Pappas, Approximations of stochastic hybrid systems, IEEE
Transaction on Automatic Control 54 (6) (2009) 1193-1203.

[28] J. Kapinski, A. Donze, F. Lerda, H. Maka, S. Wagner, B.H. Krogh, Control
software model checking using bisimulation functions for nonlinear systems,
in: Proceedings of the 47th IEEE Conference on Decision and Control, 2008,
pp. 4024-4029.

[29] P.Tabuada, Verification and Control of Hybrid Systems, A Symbolic Approach,
Springer US, 2009.

[30] J.M. Lee, Introduction to Smooth Manifolds, Springer-Verlag, 2003.

[31] E.D. Sontag, Mathematical Control Theory, second ed., Springer-Verlag, New
York, 1998.

[32] D. Angeli, E.D. Sontag, Forward completeness, unboundedness observability,
and their Lyapunov characterizations, Systems and Control Letters 38 (4-5)
(1999) 209-217.

[33] E.D. Sontag, Y. Wang, On characterizations of the input-to-state stability
property, Systems and Control Letters 24 (5) (1995) 351-359.

[34] Y. Lin, E.D. Sontag, Y. Wang, A smooth converse Lyapunov theorem for robust
stability, SIAM Journal on Control and Optimization 34 (1) (1996) 124-160.

[35] T.L.T. Radulescu, V.D. Radulescu, T. Andreescu, Problems in Real Analysis:
Advanced Calculuc on the Real Axis, first ed., Springer, 2009.

[36] A. Teel, L. Praly, A smooth Lyapunov function from a class K. estimate
involving two positive semidefinite functions, ESAIM: Control, Optimisation
and Calculus of Variations 5 (2000) 313-367.

[37] W. Lohmiller, ]J. Slotine, On contraction analysis for non-linear systems,
Automatica 34 (6) (1998) 683-696.

[38] A.Pavlov, A. Pogromvsky, N.van de Wouw, H. Nijmeijer, Convergent dynamics,
a tribute to boris pavlovich demidovich, Systems and Control Letters 52 (2004)
257-261.

[39] B.P. Demidovich, Lectures on Stability Theory, Nauka, Moscow, 1967
(in Russian).

[40] P. Petersen, Riemannian Geometry, Springer, 1997.

[41] H.K. Khalil, Nonlinear Systems, second ed., Prentice-Hall, Inc., New Jersey,

1996.

[42] M. Zamani, P. Tabuada, Backstepping design for incremental stability. http://
arxiv.org/abs/1005.4957.

[43] M. Mazo Jr., A. Davitian, P. Tabuada, PESSOA: a tool for embedded control
software synthesis, in: T. Touili, B. Cook, P. Jackson (Eds.), Computer Aided
Verification (CAV), in: LNCS, vol. 6174, Springer-Verlag, 2010, pp. 566-569.


http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref6
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref7
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref8
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref9
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref10
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref11
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref12
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref13
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref14
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref15
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref16
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref17
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref18
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref21
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref22
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref24
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref27
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref29
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref30
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref31
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref32
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref33
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref34
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref35
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref36
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref37
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref38
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref39
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref40
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref41
http://arxiv.org/abs/1005.4957
http://arxiv.org/abs/1005.4957
http://arxiv.org/abs/1005.4957
http://arxiv.org/abs/1005.4957
http://arxiv.org/abs/1005.4957
http://arxiv.org/abs/1005.4957
http://refhub.elsevier.com/S0167-6911(13)00161-8/sbref43

	Backstepping controller synthesis and characterizations of incremental stability
	Introduction
	Control systems and stability notions
	Notation
	Control systems
	Stability notions

	Characterizations of incremental stability
	Incremental Lyapunov function characterizations
	Contraction metrics description

	Backstepping design procedure
	Example
	Example 1
	Example 2

	Discussion
	Acknowledgments
	Appendix
	References


